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Abstract.
From the physical point of view entanglement witnesses define a universal tool
for analysis and classification of quantum entangled states. From the mathematical
point of view they provide highly nontrivial generalization of positive operators
and they find elegant correspondence with the theory of positive maps in matrix
algebras. We concentrate on theoretical analysis of various important notions like
(in)decomposability, atomicity, optimality, extremality and exposedness. Several
methods of construction are provided as well. Our discussion is illustrated by many
examples enabling the reader to see the intricate structure of these objects. It is shown
that the theory of entanglement witnesses finds elegant geometric formulation in terms
of convex cones and related geometric structures.
1. Introduction
Quantum entanglement is one of the key features of quantum physics. The interest
on quantum entanglement has dramatically increased during the last two decades due
to the emerging field of quantum information theory. It turns out that quantum
entangled states may be used as basic resources in quantum information processing
and communication. The prominent examples are quantum cryptography, quantum
teleportation, quantum error correction codes, and quantum computation. It is therefore
clear that there is a considerable interest in efficient theoretical and experimental
methods of entanglement analysis, classification and detection. There are several
excellent review articles (see for example [70] by Horodecki family and [51] by Gu¨hne
and Toth) and books [92, 9, 127] dealing with quantum entanglement and quantum
information.
One of the essential problems in quantum entanglement theory is the classification
of states of composite quantum systems. In particular it is of primary importance to
test whether a given quantum state is separable or entangled. For low dimensional
systems (qubit-qubit or qubit-qitrit) there exists a necessary and sufficient condition
for separability for bipartite systems – the celebrated Peres-Horodecki criterion based
on positivity of partial transposition. However, for higher dimensional systems, or
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more number of parties, there is no single universal separability condition. There are
several theoretical and experimental tools enabling one to analyze and detect quantum
entanglement. Many authors contributed to a long list of various separability criteria
and detection methods [70, 51].
The most general approach to characterize quantum entanglement uses a notion
of an entanglement witness. The term entanglement witness for operators detecting
quantum entangled states was introduced by Terhal [125]. One of the big advantages
of entanglement witnesses is that they provide an economic method of detection which
does need the full information about the quantum state. Such information is usually
obtained by the full state tomography. Here one uses only the information about the
mean value of some observable in a given quantum state. Remarkably, it turns out
that any entangled state can be detected by some entanglement witness and hence the
knowledge of witnesses enables us to perform full classification of states of composite
quantum systems. Interestingly, entanglement witnesses are deeply connected to a
theory of positive maps in operator algebras. Positive maps play an important role
both in physics and mathematics providing generalization of ∗-homomorphisms, Jordan
homomorphisms and conditional expectations. In the algebraic approach to quantum
physics [63] normalized positive maps define affine mappings between sets of states of
C∗-algebras.
The review is organized as follows: section 2 discusses the structure of states for
bipartite quantum systems. We introduce the notion of Schmidt number for an arbitrary
bipartite positive operator and perform classification of quantum states. Special role of
separable states, states positive under partial transposition (PPT), and so called edge
states is emphasized. Section 3 provides basic definitions and properties of entanglement
witnesses. We introduce the notion of a k-Schmidt witnesses, (in)decomposable and
atomic witnesses and finally provide a general representation of an indecomposable
entanglement witness based on the properties of edge states. Section 4 analyzes positive
maps in operator algebras and discusses well known correspondence between linear maps
and bipartite operators. Hence, all properties of witnesses may be analyzed in the
language of maps and vice versa. Section 5 shows how well known separability criteria
may be used for construction natural entanglement witnesses. In particular it is shows
how Bell inequalities may be connected to appropriate entanglement witnesses. Section
6 introduces important notions of optimal, extremal and exposed witnesses.
Sections 7 and 8 illustrate introduced theoretical concepts with several well known
examples: section 7 analyzes the structure of so called diagonal-type entanglement
witnesses for qudit-qudit systems. In particular it discusses witnesses constructed via
generalization of the celebrated Choi positive indecomposable map. Section 8 discusses
generalization of another ‘classical’ map constructed by Robertson. Remarkably,
entanglement witnesses constructed this way are optimal and hence provide the strongest
theoretical tool for detecting quantum entangled states. Section 9 provides important
construction of witnesses based on so called circulant decomposition of the Hilbert space
corresponding to composite system of two qudits. This class contains for example well
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known family of Bell diagonal witnesses. Section 10 shows how to construct k-Schmidt
witness and it is based on the spectral decomposition of the corresponding witness. This
construction is up to now the most general one known in the literature. In Section 11 we
show how to generalize the analysis of quantum states and entanglement witnesses to
multipartite scenario. Section 12 may be treated as a completion of the paper. It shows
how the geometry of convex cones enables one to present the structure and properties
of entanglement witnesses in a unified elegant geometric way.
Basic notation
Let us introduce a basic notation used throughout the paper: we denote by L(H)
a vector space of linear operators acting on a finite dimensional Hilbert space H.
Fixing a basis in H one may identify L(H) with the space Mn(C) of n × n complex
matrices with n = dimH. One endows L(H) with the Hilbert-Schmidt inner product
〈A|B〉HS = tr(A†B). If {e1, . . . , en} denotes an orthonormal basis in H, then
〈A|B〉HS =
n∑
i=1
〈Aei|Bei〉 ,
where 〈ψ|φ〉 denotes an inner product in H. This product gives rise to the Hilbert-
Schmidt norm
||A||HS =
√
〈A|A〉HS =
√
trA†A .
Apart from ||A||HS the space L(H) is endowed with the standard operator norm
||A|| = sup
ψ
||Aψ||
||ψ|| , (1.1)
and the trace norm
||A||1 = tr|A| = tr
√
A†A . (1.2)
If λ21 ≥ λ22 ≥ . . . ≥ λ2n are eigenvalues of A†A, then
||A||HS =
√
λ21 + . . .+ λ
2
n , ||A|| = |λ1| , ||A||1 = |λ1|+ . . .+ |λn| .
Denote by L+(H) a subspace of positive operators in L(H). Note that L+(H) is no
longer a vector space but it defines a convex cone in L(H) (see Section 12 for details
about convex cones). Finally, mixed states represented by density operators give rise to
compact convex set
S(H) = {ρ ∈ L+(H) | tr ρ = 1} ,
i.e. a set of normalized positive operators. It is clear that A ∈ L+(H) if and only if
||A||1 = trA.
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2. States of bipartite quantum systems
Consider a Hilbert space HAB = HA ⊗ HB such that dimensions dimHA = dA and
dimHB = dB are finite. Let us denote D := dAdB and d := min{dA, dB}. Now, for any
vector ψ ∈ HAB one has the corresponding Schmidt decomposition
ψ =
r∑
k=1
µk ek ⊗ fk , (2.1)
where µk > 0 and {ei}, {fj} are two families of orthogonal normalized vectors inHA and
HB, respectively. If ψ is normalized, i.e. it corresponds to a pure state of a composite
system living in HAB, then sk(ψ) := µk are called Schmidt coefficients of ψ and they
satisfy
∑r
k=1[sk(ψ)]
2 = 1. One calls the number ‘r’ the Schmidt rank SR(ψ) of ψ. It is
clear that 1 ≤ SR(ψ) ≤ d.
Definition 2.1 A vector ψ ∈ HAB is separable iff ψ = ψA⊗φB, that is, SR(ψ) = 1, and
entangled otherwise. Vector ψ is called maximally entangled iff r = d and sk(ψ) = 1/
√
d
for k = 1, . . . , d.
For example if HA = HB = H and {e1, . . . , ed} is an arbitrary orthonormal basis in H,
then
ψ+d =
1√
d
d∑
k=1
ek ⊗ ek , (2.2)
defines a ”canonical” maximally entangled state in H ⊗ H. Note that HAB and the
vector space L(HA,HB) of linear operators F : HA → HB have the same dimension and
hence they are isomorphic. Fixing an arbitrary orthonormal basis {e1, . . . , edA} in HA
let us introduce an isomorphism j : L(HA,HB)→ HAB by
j(F ) =
√
dA(IA ⊗ F )ψ+dA =
dA∑
k=1
ek ⊗ Fek . (2.3)
The inverse map F = j−1(ψ) reads as follows: for any vector ψ =
∑dA
k=1 ek ⊗ yk, with
yk ∈ HB, one defines Fek = yk. Recall that L(HA,HB) is equipped with a natural inner
product
(F1, F2) = Tr(F
†
1F2) . (2.4)
Proposition 2.1 The map j : L(HA,HB) → HAB provides an isometric isomorphism
of two Hilbert spaces L(HA,HB) and HAB, that is,
(F1, F2) = 〈j(F1)|j(F2)〉 . (2.5)
In particular ||F || = ||ψ||.
It is therefore clear that operators F ∈ L(HA,HB) satisfying tr(F †F ) = 1 correspond
to normalized vectors ψ = j(F ) in HAB. Moreover, one has the following
Proposition 2.2 Let F ∈ L(HA,HB) and ψ = j(F ), then Rank(F ) = SR(ψ).
Entanglement witnesses: construction, analysis and classification 5
It is clear that ψ = j(F ) does depend upon the basis {ek}. However the Schmidt rank
of ψ does not.
Definition 2.2 ([129]) A positive operator X ∈ L+(HAB) is separable iff
X =
∑
k
Ak ⊗Bk , (2.6)
where Ak ∈ L+(HA) and Bk ∈ L+(HB).
Usually, this definition is formulated in terms of density operators living in a Hilbert
space HAB
S(HAB) = {ρ ∈ L+(HAB) | tr ρ = 1} . (2.7)
A density operator ρ ∈ S(HAB) is separable if
ρ =
∑
k
pk ρ
A
k ⊗ ρBk , (2.8)
where ρAk ∈ S(HA), ρBk ∈ S(HB), and pk is a probability distribution. This definition
says that a separable state is defined as a convex combination of product states ρA⊗ρB.
Definition 2.3 A Schmidt number SN(X) of X ∈ L+(HAB) is defined by
SN(X) = min
ψk
{
max
k
SR(ψk)
}
, (2.9)
where the minimum is taken over all possible decompositions
X =
∑
k
|ψk〉〈ψk| , (2.10)
with ψk being (unnormalized) vectors from HAB.
This definition was originally provided for density operators form S(HAB) by Horodecki
and Terhal [68]. However, the Schmidt number is well defined for any positive operators
from L+(HAB). Note, that if X = |ψ〉〈ψ|, then it is clear that SN(ρ) = SR(ψ) and hence
the above definition reproduces the definition of the Schmidt rank of a vector ψ ∈ HAB.
Let us introduce the following family of convex cones (see Section 12 for appropriate
definitions)
Lk = {X ∈ L+(HAB) | SN(X) ≤ k } . (2.11)
One has the following chain of inclusions
L1 ⊂ . . . ⊂ Ld = L+(HAB) . (2.12)
Note, that defining Sk = Lk ∩S(HAB) one finds
S1 ⊂ . . . ⊂ Sd = S(HAB) . (2.13)
Clearly, S1 is a convex subset of separable states and Sd r S1 stands for a set of
entangled states.
Let T : L(H) → L(H) denotes transposition with respect to a fixed orthonormal
basis in H. Transposition is an example of a linear positive map (see Section 4), that is,
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T(L+(H)) ⊂ L+(H). Moreover, it is trace-preserving which implies T(S(H)) ⊂ S(H),
i.e. it maps states into states. Let idA : HA→HA be an identity map (idA(X) = X for
any X ∈ L(HA)). Define the partial transposition
idA ⊗ T : T(HAB)→T(HAB) , (2.14)
as follows
[idA ⊗ T](a⊗ b) = a⊗ bT , (2.15)
where bT = T(b). One usually denotes XΓ = [idA ⊗ T]X.
Definition 2.4 A positive operator X ∈ L+(HAB) is Positive Partial Transpose (PPT)
iff XΓ ≥ 0, i.e. XΓ ∈ L+(HAB).
Clearly, if ρ ∈ S(HAB) is PPT, then ρΓ ∈ S(HAB) which means that ρΓ is a legitimate
state in HAB. One has the following
Proposition 2.3 A vector ψ ∈ HAB is separable iff the corresponding positive rank-1
operator |ψ〉〈ψ| is PPT.
For mixed states one has the celebrated
Theorem 2.1 ([66, 98]) If a state ρ ∈ S(HAB) is separable, then ρ is PPT.
Hence, an NPT (not PPT) state is necessarily entangled. The converse of the above
Proposition not true, i.e. there exist PPT entangled states. However,
Theorem 2.2 ([66]) If D = dAdB ≤ 6, then ρ ∈ S(HAB) is separable if and only if ρ
is PPT.
Actually, this result follows from much older result of Størmer [121] and Woronowicz
[131] (cf. Proposition 3.2). Now, let us introduce
Ll := (idA ⊗ T)Ll , (2.16)
for l = 1, . . . , d, and define Llk = Lk ∩Ll, i.e. a convex cone a of positive PPT operators
X such that SN(X) ≤ k and SN(XΓ) ≤ l. One finds LSEP = L1 = L1 = L11 and
Ldd = LPPT. Hence, the following hierarchy of inclusions follows
LSEP = L
1
1 ⊂ L22 ⊂ . . . ⊂ Ldd = LPPT ⊂ L+(HAB) . (2.17)
Similarly, defining Slk = L
l
k ∩S(HAB) one has
SSEP = S
1
1 ⊂ S22 ⊂ . . . Sdd = SPPT ⊂ S(HAB) . (2.18)
The hard problem in the entanglement theory is to check weather a given PPT state is
entangled or separable. Note, that a set of PPT states is convex. It is no longer true for
entangled PPT states: a convex combination of two entangled PPT states is clearly a
PPT state but it needs not be entangled. An important construction of PPT entangled
states is based on the following
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Theorem 2.3 (Range criterion [67]) If X is a separable operator in HAB, then there
exists a set of product vector |ai〉 ⊗ |bi〉 ∈ HAB spanning the range of X such that a set
|ai〉 ⊗ |b∗i 〉 spans the range of XΓ.
This theorem provides a powerful tool for constructing PPT entangled states.
Example 2.1 Let a set of normalized product vectors |αi〉 ⊗ |βi〉 ∈ Cd ⊗ Cd (i =
1, . . . , K < d2) define so called unextendable product basis (UPB), i.e. there is no
product vector in Cd⊗Cd which is orthogonal to all of them [11, 47]. Define a projector
ΠUPB =
K∑
i=1
|αi〉〈αi| ⊗ |βi〉〈βi| , (2.19)
that is, HUPB := Π(Cd ⊗ Cd) is spanned by |αi〉 ⊗ |βi〉. Define
X = Id ⊗ Id − ΠUPB , (2.20)
which is the projection onto H⊥UPB. It is evident that X is PPT. Indeed, one has
XΓ = Id ⊗ Id − ΠΓUPB , (2.21)
where ΠΓUPB =
∑K
i=1 |αi〉〈αi| ⊗ |β∗i 〉〈β∗i | defines an orthogonal projector onto a subspace
spanned by another UPB |αi〉⊗|β∗i 〉. It is therefore clear that there is no product vectors
in the range of X and XΓ and hence due to the Range criterion X can not be separable.
This example may be generalized as follows
Definition 2.5 A PPT operator X ∈ LPPT is called an edge operator if for arbitrary
Y ∈ LSEP an operator X − Y is not PPT, i.e. either X − Y  0 or (X − Y )Γ  0.
Range criterion immediately implies that an edge operator is necessarily entangled. A
density operator being an edge operator is called an edge state. Edge states lay on the
boundary between PPT and NPT states, and hence, they may be considered as most
entangled PPT states.
Theorem 2.4 ([86]) Any PPT entangled operator X may be decomposed as follows
X = XEDGE +XSEP , (2.22)
where XEDGE and XSEP is an edge and separable operator, respectively.
Note, that X defined in (2.20) is by construction an edge operator. There is, however,
no general method to construct edge operators.
3. Entanglement witnesses: definitions and basic properties
A positive operator X ∈ L+(HAB) satisfies 〈Ψ|X|Ψ〉 ≥ 0 for all Ψ ∈ HAB. The following
definition provides a generalization of positivity
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Definition 3.1 A Hermitian operator W ∈ L(HAB) is block-positive iff
〈ψ ⊗ φ|W |ψ ⊗ φ〉 ≥ 0 , (3.1)
for all product vectors ψ ⊗ φ ∈ HAB.
Let W1 denotes a set of block-positive operators in HAB. Note, that W1 defines a
convex cone in L(HAB). It is clear that W ∈W1 iff tr(WX) ≥ 0 for all X ∈ L1 = LSEP.
Let {e1, . . . , edA} be an orthonormal basis in HA. Any operator W ∈ L(HAB) may be
represented in the following block form
W =
dA∑
i,j=1
Eij ⊗Wij , (3.2)
where Eij := |ei〉〈ej| and Wij ∈ L(HB), that is, given the basis {ek} an operator W may
be represented as a dA× dA matrix with matrix elements (blocks) being operators from
L(HB). Now, if W is block-positive one has
〈ei ⊗ φ|W |ei ⊗ φ〉 = 〈φ|Wii|φ〉 ≥ 0 , (3.3)
and hence diagonal blocks Wii are positive operators. Clearly, if W is positive, then W
is block-positive as well.
Definition 3.2 ([126]) An operator W ∈ L(HAB) is an entanglement witness (EW) if
and only if it is block-positive but not positive, i.e. W ∈W1 − L+(HAB).
Example 3.1 (Flip operator) Let F ∈ L(H⊗H) be so called flip (or swap) operator
defined as follows
Fψ ⊗ φ = φ⊗ ψ . (3.4)
One has
〈ψ ⊗ φ|F|ψ ⊗ φ〉 = |〈ψ|φ〉|2 , (3.5)
and hence F is block-positive. If {e1, . . . , ed} is an orthonormal basis in H, then
F =
d∑
i,j=1
Eij ⊗ Eji , (3.6)
which proves, that
∑d
i,j=1 Eij ⊗ Eji is basis-independent. Using
F =
d∑
i=1
Eii ⊗ Eii +
d∑
i 6=j=1
Eij ⊗ Eji , (3.7)
one easily finds that F [ei⊗ ej − ej ⊗ ei] = −[ei⊗ ej − ej ⊗ ei] which proves that F is not
positive and hence it defines an EW.
The importance of entanglement witnesses is based on the following theorem arising
from the celebrated Banach separation theorem
Theorem 3.1 ([66, 125]) A state ρ ∈ S(HAB) is entangled iff there exists an
entanglement witness W ∈ L(HAB) such that tr(Wρ) < 0.
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Example 3.2 (Werner state [129]) Consider a Werner state in H⊗H defined by
ρ = pQS + (1− p)QA , (3.8)
where p ∈ [0, 1] and
QS =
2
d(d+ 1)
[Id ⊗ Id + F] , QA = 2
d(d− 1) [Id ⊗ Id − F] .
It is well known that (3.8) is separable iff it is PPT, that is, p ≥ 1/2. Now,
tr(ρF) = 2(2p− 1) , (3.9)
which shows that F detects all entangled Werner states.
Let us define a space of k-block-positive operators
Wk = {W ∈ L(HAB) | 〈Ψ|W |Ψ〉 ≥ 0 ; SR(Ψ) ≤ k} . (3.10)
Again, if W ∈Wk then W † = W . Moreover, Wk defines a convex cone in L(HAB). One
has
L+(HAB) = Wd ⊂Wd−1 ⊂ . . . ⊂W1 . (3.11)
Similarly, let
Wk = (idA ⊗ T)Wk , (3.12)
and finally
Wlk = {A+B |A ∈Wk , B ∈Wl} , (3.13)
which leads to the following chain of inclusions of convex cones
Wdd ⊂Wd−1d−1 ⊂ . . . ⊂W11 = W1 = W1 . (3.14)
The above chain is dual to a similar chain defined in (2.17). One proves the following
Proposition 3.1 W ∈Wlk if and only if tr(WX) ≥ 0 for all X ∈ Llk.
Definition 3.3 An entanglement witness W ∈W1 − L+(HAB) is called
• k-Schmidt witness if W ∈Wk−1 −Wk,
• decomposable if W ∈Wdd − L+(HAB) and indecomposable otherwise,
• atomic if W ∈W1 −W22.
It is clear that ρ ∈ S(HAB) has a Schmidt number SN(ρ) ≥ k iff there exists a k-Schmidt
witness W such that Tr(Wρ) < 0 [72, 108]. Moreover, W is an decomposable EW iff
Tr(WX) ≥ 0 for all PPT states ρ ∈ SPPT. Hence, if W is an EW and Tr(Wρ) < 0 for
ρ ∈ SPPT, then W is an indecomposable and ρ is an entangled PPT state. Clearly, any
decomposable EW has the following form
W = A+BΓ , (3.15)
with A and B being positive operators in HAB. If W is atomic, then it cannot be
represented via (3.15) with A,B ∈ L2. It means that if W is atomic and Tr(Wρ) < 0
for some PPT state ρ, then ρ is entangled and SN(ρ) = SN(ρΓ) = 2. It shows that
atomic entanglement witnesses can detect the weakest form of quantum entanglement.
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Proposition 3.2 ([121, 131]) If D = dAdB ≤ 6, then all entanglement witnesses are
decomposable.
Note, that a flip operator provides a decomposable EW. Indeed, one finds
F =
d∑
i,j=1
Eij ⊗ Eji = P Γ , (3.16)
where P =
∑d
i,j=1Eij ⊗ Eij = dP+d . Due to (3.15) the structure of decomposable
entanglement witnesses is fully understood. Note, that decomposable entanglement
witnesses define a convex set. It is no longer true for indecomposable ones.
Their construction is not straightforward. Moreover, a convex combination of two
indecomposable witnesses clearly provides a block-positive operator but it needs not be
indecomposable. An important construction of indecomposable witnesses is provided
by the following
Example 3.3 Consider a PPT entangled operator X defined in (2.20) in terms of
unextendible product basis |αi〉 ⊗ |βi〉. Following [11, 47] we provide a canonical
indecomposable entanglement witness detecting X. Let us define
W = ΠUPB − d |Ψ〉〈Ψ| , (3.17)
where |Ψ〉 is a normalized maximally entangled vector in Cd⊗Cd such that 〈Ψ|X|Ψ〉 > 0.
A parameter  is defined by
 = inf
|φ1〉⊗|φ2〉
K∑
i=1
|〈αi|φ1〉|2〈βi|φ2〉|2 , (3.18)
where the infimum is taken over all normalized product vectors |φ1〉 ⊗ |φ2〉. One
immediately finds that W is block-positive (it follows from the well known fact that
|〈Ψ|a⊗ b〉|2 < 1/d). Moreover,
tr(WX) = −d〈Ψ|X|Ψ〉 < 0 , (3.19)
which proves that W is an indecomposable EW.
Remarkably, the above construction may be generalized to perform full characterization
of indecomposable entanglement witnesses.
Theorem 3.2 ([87]) Any indecomposable entanglement witness W ∈ L(HAB) can be
represented as follows:
W = P +QΓ −  IdA ⊗ IdB , (3.20)
with
 = inf
|a〉⊗|b〉
〈a⊗ b|P +QΓ|a⊗ b〉 ,
where the infimum is taken over all normalized product vectors |a〉 ⊗ |b〉 ∈ HAB.
Moreover, P and Q are positive operators such that
tr(PXEDGE) = tr(Q
ΓXEDGE) = 0 , (3.21)
for some edge operator XEDGE.
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In particular P and Q might be projectors onto the kernel of XEDGE and X
Γ
EDGE,
respectively.
4. Positive maps vs. entanglement witnesses
A linear map
Φ : L(HA)→ L(HB) , (4.1)
is called
• Hermitian (or Hermiticity-preserving) if [Φ(A)]† = Φ(A†) for all A ∈ L(HA),
• trace-preserving if tr Φ(A) = trA for all A ∈ L(HA),
• positive if Φ(A) ≥ 0 for any A ≥ 0.
Actually, a positive map is necessarily Hermitian. A trace-preserving positive map (4.1)
maps S(HA) into S(HB), i.e. it maps quantum states living in HA into quantum states
living in HB. Note, that Φ is positive iff for any ψA ∈ HA and ψB ∈ HB one has
〈ψB|Φ(|ψA〉〈ψA|)|ψB〉 ≥ 0 . (4.2)
Definition 4.1 Φ is k-positive if
idk ⊗ Φ : Mk(C)⊗ L(HA)→Mk(C)⊗ L(HB) , (4.3)
is positive. Φ is completely positive (CP) if it is k-positive for k = 1, 2, . . ..
It was observed by Choi [23] that Φ is CP iff it is d-positive (d = min{dA, dB}).
Remarkably, it turns out [23] that to prove complete positivity it is enough to check
positivity of idA ⊗ Φ on a single element!
Proposition 4.1 A linear map Φ : L(HA)→ L(HB) is completely positive if and only
if
[idA ⊗ Φ]P+AA ≥ 0 , (4.4)
where P+AA is a maximally entangled state in HA ⊗HA.
This result immediately implies the celebrated Kraus-Choi representation of a
completely positive map
Φ(A) =
∑
k
VkAV
†
k , (4.5)
where Vk : HA → HB. If {e1, . . . , edA} denotes an orthonormal basis in HA and
Φ : L(HA)→ L(HB) is a linear map then one defines a Choi matrix
CΦ :=
dA∑
i,j=1
Eij ⊗ Φ(Eij) ∈MdA(C)⊗ L(HB) w L(HAB) . (4.6)
This way one establishes a correspondence between linear maps from L(HA) to L(HB)
and bipartite operators from L(HAB). It should be stressed that this correspondence
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depends upon the basis {e1, . . . , edA}. One easily finds the inverse relation: for
X ∈ L(HAB) one defines a linear map Φ as follows: if X =
∑
i,j Eij ⊗ Xij, then
Φ(Eij) := Xij. This recipe is usually presented by
Φ(a) = trA[a
T ⊗ IBX] , (4.7)
where the transposition is performed with respect to {e1, . . . , edA}. The correspondence
defined by (4.6) and (4.7) is called Choi-Jamio lkowski isomorphism [23, 77].
Remark 4.1 Actually, one may replace maximally entangled state P+AA by arbitrary
P = |ψ〉〈ψ| such that ψ ∈ HA ⊗HA has maximal Schmidt rank and still obtain the 1-1
correspondence between maps and linear operators in L(HAB).
Denote by Pk a convex cone of k-positive map. One has the following chain of
inclusions
PCP = Pd ⊂ Pd−1 ⊂ . . . ⊂ P1 = P(L(HA),L(HB)) , (4.8)
where by P(L(HA),L(HB)) we denote a convex cone of positive maps from L(HA) into
L(HB). If TA is a transposition map (with respect to a fixed basis in HA) acting in
L(HA), then one defines
Pk := {Φ : L(HA)→ L(HB) | Φ ◦ TA ∈ Pk} . (4.9)
It is clear that equivalently one may define
Pk := {Φ : L(HA)→ L(HB) | TB ◦ Φ ∈ Pk} , (4.10)
where TB is a transposition map (with respect to a fixed basis in HB) acting in L(HB).
Elements from Pk are called k-copositive maps and maps from Pd are called completely
copositive. Finally, let us introduce
Plk = {Φ + Φ′ | Φ ∈ Pk ∧ Φ′ ∈ Pl} . (4.11)
One says that a positive map Φ is
• decomposable if Φ ∈ Pdd and indecomposable otherwise,
• atomic if Φ ∈ P1 −P22.
Remarkably, the Choi-Jamio lkowski isomorphism establishes elegant correspondence
between cones Plk of maps and the cones L
l
k of operators. One proves [1, 9, 104, 116]
the following
Proposition 4.2 Let L(HA)→ L(HB) be a linear map. The following statements are
equivalent
(i) Φ ∈ Plk,
(ii) [idA ⊗ Φ]X ≥ 0 for all X ∈ Llk ⊂ L(HA ⊗HA),
(iii) the Choi matrix CΦ =
∑dA
i,j=1 Eij ⊗ Φ(Eij) ∈ Llk ⊂ L(HAB) .
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In particular Φ is positive iff
∑
i,j Eij ⊗ Φ(Eij) is block-positive. Note, that if Φ is
trace-preserving then Φ ∈ Plk iff
[idA ⊗ Φ](Slk) ⊂ S(HAB) . (4.12)
Remark 4.2 The isomorphism between the vector space L(L(HA),L(HB)) of linear
maps and the vector space L(HAB) of bipartite operators was originally established by
de Pillis [101]. Note, that L(L(HA),L(HB)) may be equipped with a natural inner
product
〈〈Φ|Ψ〉〉 :=
DA∑
α=1
〈Φ(Eα)|Ψ(Eα)〉HS =
DA∑
α=1
Tr[Φ(Eα)
†Ψ(Eα)] , (4.13)
where {Eα} (α = 1, . . . , DA = d2A) is an arbitrary orthonormal basis in B(HA), i.e.
〈Eα|Eβ〉HS = δαβ. It is clear that the above formula does not depend upon {Eα}. Now,
following [101] one introduces a linear map J : L(L(HA),L(HB)) → L(HAB) defined
by the following relation
〈J (Φ)|a† ⊗ b〉HS = 〈Φ(a)|b〉HS , (4.14)
for any a ∈ L(HA) and b ∈ L(HB). One easily finds
J (Φ) =
DA∑
α=1
E†α ⊗ Φ(Eα) , (4.15)
where {Eα} is an arbitrary orthonormal basis in L(HA). It should be stressed that
J (Φ) does not depend upon {Eα}. Indeed, if {Fα} is another orthonormal basis, then
Eα =
∑
β UαβFβ with Uαβ being DA ×DA unitary matrix. One has
J (Φ) =
DA∑
α=1
E†α ⊗ Φ(Eα) =
DA∑
α,β,γ=1
UαβUαγ E
†
β ⊗ Φ(Eγ) =
DA∑
α=1
F †α ⊗ Φ(Fα) , (4.16)
where we have used
∑DA
α=1 UαβUαγ = δβγ. In particular if Eα := Eij = |ei〉〈ej| with
{e1, . . . , edA} being an arbitrary orthonormal basis in HA, then
J (Φ) =
dA∑
i,j=1
Eij ⊗ Φ(Eji) . (4.17)
Note, that (4.17) differs from (4.6) only by a partial transposition J (Φ) = [TA⊗idB]CΦ.
This minor difference produces important mathematical implication.
Proposition 4.3 ([101]) The linear map J provides an isometric isomorphism of
two Hilbert spaces L(L(HA),L(HB)) and L(HAB), that is,
〈〈Φ|Ψ〉〉 = 〈J (Φ)|J (Ψ)〉HS . (4.18)
for any pair of maps Φ,Ψ.
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Indeed, one has
〈J (Φ)|J (Ψ)〉HS =
DA∑
α,β=1
〈E†α ⊗ Φ(Eα)|E†β ⊗Ψ(Eβ)〉HS =
DA∑
α=1
〈Φ(Eα)|Ψ(Eα)〉HS = 〈〈Φ|Ψ〉〉 .
De Pillis showed [101] that Φ is Hermitian iff J (Φ) is Hermitian. Moreover, it turns out
[101] that if J (Φ) ≥ 0, then Φ is a positive map. Remarkably, Jamio lkowski observed
[77] that one may relax positivity of J (Φ) to block-positivity.
On the recent discussion about Choi-Jamio lkowski isomorphism and the one introduced
originally by de Pillis see the recent paper [78]. The analysis of the structure
of positive maps may be extended to an infinite dimensional case [97, 122]. The
infinite dimensional generalization of the Choi-Jamio lkowski isomorphism was recently
provided by Holevo [65]. For more detailed discussion about positive maps see
[16, 97, 85, 121, 122, 131, 132, 115, 116, 50, 26].
5. From separability criteria to entanglement witnesses
In this section we show how well known separability criteria enables one to construct
an appropriate entanglement witnesses.
5.1. Positive maps
Note that if Φ1 and Φ2 are two positive maps from L(HAi) to L(HBi) (i = 1, 2), then
Φ1 ⊗ Φ2 : L(HA1 ⊗HA2)→ L(HB1 ⊗HB2) , (5.1)
needs not be positive (clearly Φ1 ⊗ Φ2 is positive if both Φ1 and Φ2 are CP). This
simple mathematical observation has profound physical significance. The importance of
positive maps in entanglement theory is based on the following
Theorem 5.1 ([66]) A positive operator X ∈ L+(HAB) is separable if and only if
[idA ⊗ Λ]X ≥ 0 , (5.2)
for all positive maps Λ : L(HB)→ L(HA).
Indeed, if X is separable, i.e. X =
∑
k Ak ⊗ Bk with positive Ak ∈ L+(HA) and
Bk ∈ L+(HB), then [idA ⊗ Λ]X =
∑
k Ak ⊗ Λ(Bk) ≥ 0 for any positive map Λ.
Conversely, if [idA ⊗ Λ]X ≥ 0, then tr(P+AA[idA ⊗ Λ]X) ≥ 0. Now, denote by Λ# a
dual map
Λ# : L(HA)→ L(HB) , (5.3)
defined by
tr[Λ#(A) ·B] := tr[A · Λ(B)] . (5.4)
Note, that Λ# is positive iff Λ is positive. Now, due to the Choi-Jamio lkowski
isomorphism W = [idA ⊗ Λ#]P+AA is block-positive and hence tr(WX) ≥ 0 for all
block-positive operators W which implies that X is separable.
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Remark 5.1 Actually, it is enough to consider only trace-preserving positive maps.
Hence, a state ρ ∈ S(HAB) is separable iff
[idA ⊗ Λ]ρ ∈ S(HA ⊗HA) , (5.5)
for all trace-preserving positive maps Λ : S(HB)→ S(HA).
For any positive (but not completely positive) map Λ : L(HA)→ L(HB) one constructs
the corresponding entanglement witness WΛ = [idA⊗Λ]P+AA ∈ L(HAB). Note, however,
that even if [id⊗ Λ#]X  0 one may have tr(WΛX) ≥ 0, i.e. in general a positive map
Λ detects more entangled operators that the corresponding witness WΛ.
Example 5.1 Consider the transposition map T and the corresponding witness F. It
is well known [70] that an isotropic state
ρp =
p
d2
Id ⊗ Id + (1− p)|Ψ+d 〉〈Ψ+d | , (5.6)
is separable iff it is PPT which is equivalent to p ≥ d
d+1
. Hence T detects all entangled
isotropic states. On the other hand, the mean value of corresponding witness F is equal
Tr(ρF) = p
d2
TrF+ (1− p)〈Ψ+|FΨ+〉 = pd + (1− p) > 0 and no isotropic state is detected
by F.
There is, however, a canonical way to assign an entanglement witness that detects
X ∈ L(HAB) as well. Since [idA ⊗ Λ]X  0 this operator has at least one negative
eigenvalue
([idA ⊗ Λ]X)|ψ〉 = λ|ψ〉 , (5.7)
with λ < 0 and ψ ∈ HA⊗HA is an entangled vector. Observe that W = [idA⊗Λ#]|ψ〉〈ψ|
is an entanglement witness such that tr(WX) < 0. Indeed, one finds
tr(WX) = tr([idA ⊗ Λ#]|ψ〉〈ψ| ·X) = tr(|ψ〉〈ψ| · [idA ⊗ Λ]X) = λ||ψ||2 < 0
5.2. Realignment criterion
Let us recall well known computable cross norm or realignment criterion [20, 107]. Since
L(HAB) = L(HA) ⊗ L(HB) is a tensor product of two Hilbert spaces we may apply
Schmidt decomposition to any bipartite operator from L(HAB). In particular if ρ is a
density operator in HAB, then
ρ =
∑
k
λkG
A
k ⊗GBk , (5.8)
with λk ≥ 0, and GAk and GBk are orthonormal basis in L(HA) and L(HB), respectively.
Theorem 5.2 ([20, 107]) If ρ is separable, then∑
k
λk ≤ 1 . (5.9)
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Hence, if
∑
k λk > 1, then ρ is necessarily entangled. Suppose now that we recognized
the entanglement of ρ checking that
∑
k λk > 1. The question is how to construct the
corresponding entanglement witness W such that tr(Wρ) < 0. One easily proves
Proposition 5.1 If ρ is Hermitian, then the operator Schmidt decomposition (5.8)
implies that GAk and G
B
k are Hermitian as well.
The corresponding witness is constructed as follows [51]
W = IA ⊗ IB −
∑
k
GAk ⊗GBk . (5.10)
One has
〈α⊗ β|W |α⊗ β〉 = 1−
∑
k
〈α|GAk |α〉〈β|GBk |β〉 ,
where we assumed normalization ||α|| = ||β|| = 1. Now, let
|α〉〈α| =
∑
k
akG
A
k , |β〉〈β| =
∑
l
blG
B
l ,
with ak, bk ∈ R. Hence, 〈α⊗β|W |α⊗β〉 = 1−
∑
k akbk. Now, since
∑
k a
2
k =
∑
l b
2
l = 1
the Cauchy-Schwarz inequality implies
∑
k akbk ≤ 1. Hence, 〈α⊗β|W |α⊗β〉 ≥ 0 which
proves that W is block-positive. Now
tr(Wρ) = 1−
∑
k
λk < 0 , (5.11)
which proves that W is an entanglement witness detecting ρ.
5.3. Bell inequalities and entanglement witnesses
The original Bell inequality, which is based on the perfect anti-correlations of the so-
called singlet state, was extended by Clauser, Horne, Shimony, and Holt (CHSH) [46] to
a more general inequality for two observers each having the choice of two measurement
settings with two outcomes. The violation of a Bell inequality implies the nonexistence
of a local hidden variable (LHV) model for the correlations observed with respect to a
certain quantum state. The standard setting for the CHSH inequality reads as follows:
a source emits two particles – one particle to each of two receivers – and each receiver
can perform one out of two dichotomic measurements Ai and Bi (i = 1, 2), respectively.
Now, if the physical process can be described by a LHV model, the following inequality
E(A1, B1) + E(A1, B2) + E(A2, B1)− E(A2, B2) ≤ 2 , (5.12)
derived by CHSH has to be satisfied, where E(Ai, Bj) denotes the expectation value of
the correlation experiment Ai ⊗Bj.
For the two qubit case one introduces the following CHSH operator
BCHSH = a1σ ⊗ (b1 + b2)σ + a2σ ⊗ (b1 − b2)σ , (5.13)
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where a1, a2,b1,b2 ∈ R3 and σ = (σ1, σ2, σ3) is the vector of Pauli matrices. The CHSH
inequality requires that
tr(BCHSH · ρLHV) ≤ 2 , (5.14)
is fulfilled for all two qubit states ρLHV admitting an LHV model. One defines as a CHSH
witness the witness which is positive on all LHV states and which can be constructed
as follows
WCHSH = 2I2 ⊗ I2 −BCHSH . (5.15)
Strictly speaking WCHSH is a “non-locality witness”, that is, if tr(WCHSH · ρ) < 0 then
ρ does not admit an LHV model. Any such state is necessarily entangled and hence
WCHSH is a legitimate entanglement witness.
Note, that any bipartite Bell inequality may be represented as follows∑
i,j
λij E(Ai, Bj) ≤ c , (5.16)
for two families of local observables Ai ∈ L(HA) and Bj ∈ L(HB). Therefore, the
corresponding witness may be constructed as follows
W = c IA ⊗ IB −
∑
i,j
λij Ai ⊗Bj . (5.17)
Remark 5.2 It was conjectured by Peres that for a bipartite scenario a PPT state can
not violate any Bell inequality. If the conjecture is true then all entangled witnesses
constructed out of the Bell inequalities are decomposable.
For further analysis see [74, 125].
5.4. Entanglement witnesses from mutually unbiased bases
Two ortonormal bases {|ei〉}, {|fj〉} in Cd are called mutually unbiased (MUB) [114]
iff for all i, j = 1, . . . , d one has |〈ei|fj〉|2 = 1d . We call a set of orthonormal basis
{B1, . . . ,Bm} mutually unbiased, if any two of them Bi and Bj are mutually unbiased.
There are at most d+1 mutually unbiased bases in Cd [130] and if d is a power of prime
then this bound is saturated. For d = 2 one finds three mutually unbiased bases
B1 = {e0, e1} , B2 =
{
e0 + e1√
2
,
e0 − e1√
2
}
, B3 =
{
e0 + ie1√
2
,
e0 − ie1√
2
}
, (5.18)
which are eigenbasis of Pauli matrices σ3, σ1 and σ2, respectively. Now, for any two sets
of MUBs {B1, . . . ,Bm} and {B˜1, . . . , B˜m} in Cd one defines [117]
Im(ρ) :=
m∑
α=1
d∑
i=1
〈e(α)i ⊗ f (α)i |ρ|e(α)i ⊗ f (α)i 〉 , (5.19)
where e
(α)
i ∈ Bα and f (α)j ∈ B˜α.
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Proposition 5.2 ([117]) If ρ is separable, then
Im(ρ) ≤ 1 + m− 1
d
. (5.20)
for m ≤ d+ 1.
It is, therefore, clear that the following bipartite operator
Wm := λm Id ⊗ Id −
m∑
α=1
d∑
i=1
|e(α)i 〉〈e(α)i | ⊗ |f (α)i 〉〈f (α)i | , (5.21)
with λm = 1 +
m−1
d
is block-positive. Hence, if W  0, then it provides a legitimate
entanglement witness.
Example 5.2 For d = 2 let us take {B1,B2,B3} defined in (5.18) and B˜k = B∗k. One
easily finds for m = 3
W3 = I2 ⊗ I2 − 2P+2 . (5.22)
Interestingly, W3 detects all entangled two qubit isotropic states.
One shows [117] that already for m = 2 all pure entangled states are detected and if
m = d+ 1 all entangled isotropic states in Cd ⊗ Cd are detected as well.
5.5. Entanglement witnesses form the convex optimization problem
Very efficient method for detecting entanglement is provided by the complete family
of separability criteria introduced by Doherty et. al. [48, 49]. Basically, this method
relies on a hierarchical characterisation of separable states: any bi-partite separable
state allows for PPT symmetric n-partite extension with arbitrary n > 2 (see [48, 49]
for details). This method has a number of very appealing features:
(i) The set of criteria is complete, i.e. all entangled states are detected at some stage
(when the extension from n to (n+ 1) parties is no longer possible).
(ii) The criteria can be cast into a semidefinite program which is a convex optimisation
problem for which efficient algorithms exist.
(iii) Remarkably, when a state is found entangled, this algorithm automatically yields
an entanglement witness for that state. These entanglement witnesses turn out to
be of a special form, namely the bi-hermitian form
〈x⊗ y|W |x⊗ y〉 =
dA∑
k,l=1
dB∑
µ,ν=1
Wkµ;lν x
∗
k xl y
∗
µ yν , (5.23)
can be written as sums of squares (cf. [126]) and hence the block-positivity
immediately follows.
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6. Optimality, extremality and exposedness
6.1. Optimal entanglement witnesses
Given an entanglement witness W one defines a set of all entangled states in HAB
detected by W
DW = { ρ ∈ S(HAB) |Tr(ρW ) < 0 } . (6.1)
Suppose now that we are given two entanglement witnesses W1 and W2 in HAB.
Definition 6.1 ([86]) We call W1 finer than W2 if DW1 ⊇ DW2. W is called optimal
if there is no other entanglement witness which is finer than W .
One proves [86] the following
Proposition 6.1 W is optimal EW iff for any positive operator P an operator W −P
is no longer block-positive.
Roughly speaking an optimal witness cannot be ‘improved’ (cf. Fig. 6.1). It is, therefore,
clear that optimal witness are sufficient to detect all entangled states.
Figure 1. Two entanglement witnesses: not optimal W and optimal W ′.
Remark 6.1 Let us observe that if P is a positive operator P ∈ L+(HAB), then
Wλ = P − λ IA ⊗ IB , (6.2)
is block-positive whenever
λ ≤ λ0 = inf|α〉⊗|β〉〈α⊗ β|P |α⊗ β〉 , (6.3)
where the infimum is performed over normalized vectors |α〉 and |β〉. Hence, if Wλ is
not a positive operator and λ ≤ λ0, then Wλ is a legitimate entanglement witness. Some
authors claim that Wλ0 is optimal. In general is is not true. Note, that Wλ0 belongs to
the boundary of the set of block-positive operators, however, it needs not be optimal in
the sense of Definition 6.1.
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Authors of [86] provided the following sufficient condition of optimality: for a given
entanglement witness W define
PW = { |ψ ⊗ φ〉 ∈ HA ⊗HB | 〈ψ ⊗ φ|W |ψ ⊗ φ〉 = 0 } .
We say that W possesses a spanning property if spanPW = HAB.
Proposition 6.2 ([86]) Any entanglement witness possessing a spanning property is
optimal.
Example 6.1 Flip operator possesses spanning property. One has
〈ψ ⊗ φ|F|ψ ⊗ φ〉 = 〈ψ ⊗ φ|φ⊗ ψ〉 = |〈ψ|φ〉|2 . (6.4)
One checks that the following set of product vectors:
ek ⊗ el (k 6= l) , (em + ien)⊗ (em − ien) (m < n) ,
span Cd ⊗ Cd. Hence, flip operator provides an optimal EW.
If PW does not span HA ⊗ HB, then for a vector φ ∈ spanP⊥W one can consider a
witness W ′ = W − λ|φ〉〈φ|, where
λ = inf
|a〉⊗|b〉
〈a⊗ b|W |a⊗ b〉
|〈a⊗ b|φ〉|2 . (6.5)
If λ > 0 then the product vector |a〉 ⊗ |b〉 which realizes the above infimum belongs
to PW ′ and hence PW ′ spans the bigger space than PW . Repeating this procedure one
can construct a witness with a spanning property and hence optimal. If λ = 0 for all
φ ∈ spanP⊥W , then it is impossible to subtract a positive observable from the witness
and it is optimal but without a spanning property. Examples of such witnesses will be
presented in section 7.
Definition 6.2 A linear subspace S in HA ⊗HB is called completely entangled (CES)
if there is no product vector in S.
It turn out that an optimal decomposable entanglement witness W has the form
W = QΓ, where Q is a positive operator supported on some CES in HA ⊗HB.
Proposition 6.3 ([5]) For a decomposable entanglement witness W acting in HA⊗HB
such that d = min{dA, dB} = 2 the following three conditions are equivalent:
(i) W has a spanning property,
(ii) W is optimal,
(iii) W = QΓ, where Q is a positive operator supported on some CES in HA ⊗HB.
If d > 2, then then (iii) does not imply (i) (cf. [5]), (ii) does not imply (i) (cf. [6]), and
(iii) does not imply (ii) (cf. [83]).
Consider now an indecomposable witness W and define
DPPTW = { ρ ∈ SPPT |Tr(ρW ) < 0 } , (6.6)
i.e. a set of PPT entangled states detected by W .
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Definition 6.3 ([86]) We call W1 nd-finer than W2 if D
PPT
W1
⊇ DPPTW2 . W is called
nd-optimal if there is no other entanglement witness which is nd-finer than W .
One proves [86] the following
Proposition 6.4 W is nd-optimal EW iff for any decomposable operator D = A+BΓ
(A,B ≥ 0) an operator W −D is no longer block-positive.
It is clear that nd-optimality is stronger than optimality.
Proposition 6.5 ([86]) An entanglement witness W is nd-optimal if and only if both
W and W Γ are optimal.
Remark 6.2 Recently Ha and Kye [60] proposed the following terminology:
• W has a co-spanning property iff W Γ has a spanning property,
• W is co-optimal iff W Γ is optimal,
• W is bi-optimal iff W is optimal and co-optimal.
Hence, nd-optimality is equivalent to bi-optimality.
Note, that if W is optimal and decomposable, then W Γ ≥ 0 and hence it is no longer a
witness. Now, if W is indecomposable and optimal, then W Γ is indecomposable as well
but needs not be optimal. In this case W is optimal but not nd-optimal. An example
of optimal but not nd-optimal witness was provided in [60]
Remark 6.3 It is well known that a positive but not CP map can not be realized as
a physical operation. One defines a Structural Physical Approximations (SPA) to a
positive map Φ as follows
Φp(A) := pΦ(A) + (1− p)IB trA , (6.7)
where p is such that Φp is CP. Few years ago authors of [79] posed the following
conjecture: SPA to optimal positive maps are entanglement breaking channels. In the
language of entanglement witnesses this conjecture may be reformulated as follows: Let
W be a normalized (i.e. trW = 1) entanglement witness acting on a Hilbert space
H = HA⊗HB of finite dimension D = dAdB. Consider the following convex combination
W (p) = pW +
1− p
D
IA ⊗ IB , (6.8)
i.e. a mixture of W with a maximally mixed state. It is clear that there exists the
largest p∗ ∈ (0, 1) such that for all p ≤ p∗ the operator W (p) ≥ 0 and hence it defines a
legitimate quantum states. One calls W (p∗) the Structural Physical Approximations of
W . SPA conjecture [79] states that if W is an optimal EW, then its SPA W (p∗) defines
a separable state. It is clear that if W (p∗) is separable, then for all p ≤ p∗ a state W (p)
is separable as well. This conjecture was supported by numerous examples of witnesses
(see [34, 36, 37, 134, 135, 103] and Sections 7, 8) and also analyzed in the continuous
variables case [4]. Recently SPA conjecture has been disproved by Ha and Kye [61] for
indecomposable witnesses and in [43] for decomposable ones (see also recent discussion
in [57, 7, 62, 58, 103, 128]).
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6.2. Extremal entanglement witnesses
Two block-positive operators W1 and W2 are equivalent (W1 v W2) iff W1 = aW2 for
some a > 0. It is clear that if W1 and W2 are entanglement witnesses and W1 v W2,
then DW1 = DW2 , i.e. W1 and W2 have the same “detection power”. Geometrically
it means that W1 and W2 belong to the same ray in the convex cone of block-positive
operators L1(HAB).
Definition 6.4 A block-positive operator W is extremal if W −W ′ is no longer block-
positive, where W ′ is an arbitrary block-positive operator not equivalent to W .
To avoid rays one may prefer to work with normalized operators trW = 1. Normalized
block-positive operators define a compact convex set in RD2−1 (D = dAdB). Then W
is extremal if it is an extremal point of this compact convex set. By the celebrated
Krein-Milman theorem [105] a compact convex set is uniquely defined in terms of its
extremal points. Note, that any extremal entanglement witness is optimal.
Proposition 6.6 If W is an extremal decomposable entanglement witness if and only
if W = |ψ〉〈ψ|Γ and |ψ〉 is an entangled vector in HAB.
Example 6.2 A flip operator F in Cd ⊗ Cd satisfies F = dP+Γd and hence F provides
an extremal entanglement witness.
Proposition 6.7 W be an indecomposable extremal entanglement witness, then W Γ is
also extremal and indecomposable.
Hence, any indecomposable extremal entanglement witness is nd-optimal. For examples
of indecomposable extremal entanglement witness see section 7. Among extremal block-
positive operators there is a class of so called exposed operators.
Definition 6.5 An extremal block-positive operator W0 ∈ L1 is exposed if and only
if it enjoys the following property: if there exists a separable operator Xsep such that
tr(W0Xsep) = 0 and tr(WXsep) = 0 for some block-positive operator W , then W v W0.
More precisely, one should call them exposed rays in the convex cone L1. If one considers
a compact convex set of normalized operators, then exposed points define a subset of
extremal ones. One has the celebrated [105]
Theorem 6.1 (Straszewicz) Exposed points of a compact convex set are dense in the
set of extremal points.
Interestingly, one proves
Proposition 6.8 ([89]) All extremal decomposable witnesses are exposed.
For indecomposable witnesses the situation is much more subtle. One has the following
necessary condition for a witness to generate an exposed ray
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Proposition 6.9 If W is an exposed entanglement witness then it has a spanning
property.
Hence, a spanning property is sufficient for optimality and necessary for exposedness.
Now, we formulate a sufficient condition for exposedness for a class of so called
irreducible entanglement witnesses.
Definition 6.6 A linear map Φ : L(HA) → L(HB) is irreducible if [Φ(A), X] = 0 for
all A ∈ L(HA) implies that X = λIB.
Based on the canonical isomorphism introduced in [101] (see Remark 4.2) one has
Lemma 6.1 If Φ : L(HA)→ L(HB) is a linear map, then
dA∑
i,j=1
Eij ⊗ Φ(Eji) =
dB∑
α,β=1
Φ#(Fαβ)⊗ Fβα , (6.9)
where Fαβ = |fα〉〈fβ| and {f1, . . . , fdB} is an arbitrary orthonormal basis in HB.
We call an entanglement witness W irreducible if either Φ or its dual Φ# is irreducible
positive (but not CP) map. Let us define
NW = spanC{ |ψ〉 ⊗ |ψ∗〉 ⊗ |φ〉 ∈ HA ⊗HA ⊗HB | 〈ψ ⊗ φ|W |ψ ⊗ φ〉 = 0 } ,
if Φ is irreducible, and
N#W = spanC{ |ψ〉 ⊗ |φ〉 ⊗ |φ∗〉 ∈ HA ⊗HB ⊗HB | 〈ψ ⊗ φ|W |ψ ⊗ φ〉 = 0 } ,
if Φ# is irreducible. We say that W possesses a strong spanning property if [39, 111]
dimNW = (d
2
A − 1)dB , or dimN#W = (d2B − 1)dA . (6.10)
Proposition 6.10 ([39]) Any irreducible entanglement witness possessing a strong
spanning property is exposed.
Interestingly, one has the following analog of Proposition 6.3
Proposition 6.11 ([39]) For a decomposable irreducible entanglement witness W
acting in HA ⊗ HB such that d = min{dA, dB} = 2 the following three conditions are
equivalent:
(i) W has a strong spanning property,
(ii) W is exposed,
(iii) W = |ψ〉〈ψ|Γ.
For more examples of exposed indecomposable entanglement witnesses see sections 7
and 8 (see also [89, 90, 91] and the recent review by Kye [85]). Examples of extremal
entanglement witnesses are analyzed for example in [112, 113].
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7. Diagonal-type entanglement witnesses in Cd ⊗ Cd
7.1. General structure
Let us consider a class of Hermitian operators in Cd ⊗ Cd defined as follows
W [A] =
d∑
i,j=1
Eij ⊗Wij , (7.1)
where Wij = −Eij for i 6= j, and the diagonal blocks read
Wii =
d∑
k=1
aikEkk , (7.2)
with aik ≥ 0 being the matrix elements of d × d matrix A. Hence off diagonal blocks
Wij are fixed and all diagonal blocks Wii are represented by diagonal d × d matrices
with aij entries, i.e. (Wii)jj = aij. For obvious reason we shall call W [A] a diagonal type
operator. As we shall see several important examples of witnesses belong to class (7.1).
Interestingly, a diagonal-type operator possesses the following local symmetry
U ⊗ UW [A]U † ⊗ U † = W [A] , (7.3)
where U is a unitary operator defined by
U =
d∑
k=1
eiλkEkk , (7.4)
with real λk, that is, W [A] is invariant under maximal commutative subgroup (a d-
dimensional torus) of U(d).
Theorem 7.1 ([26]) A diagonal-type operator W [A] is block positive if and only if for
all vectors x ∈ Cd
d∑
i=1
|xi|2
Bi(x)
≤ 1 , (7.5)
where Bi(x) = |xi|2 +
∑d
j=1 aij|xj|2. Moreover, W [A] ≥ 0 if and only if the matrix D
such that Dij = −1 for i 6= j and Dii = aii is positive semi-definite.
Example 7.1 For d = 2 one finds
W [A] =

a11 . . −1
. a12 . .
. . a21 .
−1 . . a22
 , (7.6)
where to make the picture more transparent we replaced zeros by dots. The matrices A
and D are defined as follows
A =
(
a11 a12
a21 a22
)
, D =
(
a11 −1
−1 a22
)
, (7.7)
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and hence the condition (7.5) reads
|x1|2
(a11 + 1)|x1|2 + a12|x2|2 +
|x2|2
(a22 + 1)|x2|2 + a21|x1|2 ≤ 1 . (7.8)
Taking |x1| = |x2| one finds
a11a22 + a12a21 ≥ 1− a11a21 − a22a12 . (7.9)
Let a11a22 = p
2 and a12a21 = q
2. One has
a11a22 + a12a21 = p
2 + q2 = (p+ q)2 − 2pq .
Now, 2pq = 2
√
a11a21a22a12 ≤ a11a21 + a22a12 and hence
a11a22 + a12a21 ≥ (p+ q)2 − a11a21 − a22a12 ,
which shows that (7.9) is equivalent to p + q ≥ 1. This condition is equivalent to
block-positivity of W [A] since in this case all block-positive operators are decomposable.
Indeed, one has
a11 . . −1
. a12 . .
. . a21 .
−1 . . a22
 =

a11 . . −1 + q
. a12 . .
. . a21 .
−1 + q . . a22
+

a11 . . .
. a12 −q .
. −q a21 .
. . . a22

Γ
,
which shows that W [A] is a decomposable entanglement witness whenever a11a22 = p
2 ≤
1, i.e. D is not a positive matrix.
For d ≥ 3 condition (7.5) is highly nontrivial. Only some special cases were worked
out. Consider the matrix A defined by
aii = a , aij = δi−1,j cj , i 6= j . (7.10)
The structure of A for d = 3, 4, 5 reads as follows
 a . c3c1 a .
. c2 a
 ,

a . . c4
c1 a . .
. c2 a .
. . c3 a
 ,

a . . . c5
c1 a . . .
. c2 a . .
. . c3 a .
. . . c4 a
 .
One has therefore
Wii = aEii + ci−1Ei−1,i−i , (7.11)
for i = 1, . . . , d.
Theorem 7.2 ([53]) Let a, c1 . . . , cd > 0. W [a; c1, . . . , cd] is an entanglement witness
if and only if
(i) d− 1 > a ≥ d− 2,
(ii) (c1 · . . . · cd)1/d ≥ d− 1− a.
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Interestingly, W [a; c1, . . . , cd] provides an atomic entanglement witness [53].
Proposition 7.1 ([93, 94]) W [1; c1, c2, c3] is an extremal entanglement witness if
c1 c2 c3 = 1.
The above class of witnesses was recently analyzed in [88]: for any permutation σ from
the symmetric group Sd one defines [88] a diagonal-type operator Wσ[a; c1, . . . , cd] by
Wii = aEii + ci−1Eσ(i),σ(i) . (7.12)
The original formula (7.11) is recovered for σ(i) = i− 1.
Proposition 7.2 ([88]) Let a, c1, . . . , cd > 0 and σ ∈ Sd:
(i) if W [a; c1, . . . , cd] is block positive, then Wσ[a; c1, . . . , cd] is block positive,
(ii) if σ is a cycle of length d, then Wσ[a; c1, . . . , cd] is block positive iff W [a; c1, . . . , cd]
is block positive.
Now, let σ = σ1 ◦ . . . ◦ σr be a unique decomposition of σ into disjoint cycles. Denoting
by l(σk) a length of a cycle σk one introduces
lmax(σ) = max{l(σ1), . . . , l(σr)} , lmin(σ) = min{l(σ1), . . . , l(σr)} .
Let τ dk ∈ Sd denote a cycle defined by τ dk (i) = i+ k, (mod d).
Proposition 7.3 Let σ ∈ Sd and d ≥ 3.
• If lmin(σ) ≥ 3 and 0 < c ≤ dlmax(σ) , then Wσ[d− c, c, . . . , c] is atomic.
• For each k ∈ {1, . . . , d − 1}, if k 6= d
2
when d is even, then Wτdk [d − 2, 1, . . . , 1] is
atomic.
A wide class of matrices A giving rise to diagonal-type entanglement witnesses was
proposed in [80]: let us define a set of Hermitian traceless matrices
F` =
1√
`(`+ 1)
( `−1∑
k=1
Ekk − `E``
)
, ` = 1, . . . , d− 1 . (7.13)
One defines a real d× n matrix
aij =
d− 1
d
+
d−1∑
α,β=1
〈ei|Fα|ei〉Rαβ〈ej|Fβ|ej〉 , (7.14)
where Rαβ is an orthogonal (d − 1) × (d − 1) orthogonal matrix. Due to the fact that
Fα is traceless for α = 1, . . . , d− 1, one finds
d−1∑
i=1
aij =
d−1∑
j=1
aij = d− 1 , (7.15)
Moreover, it turns out [80] that aij ≥ 0 and hence A˜ = 1d−1A defines a doubly stochastic
matrix. One proves
Proposition 7.4 ([80]) For any orthogonal matrix Rαβ a diagonal-type operator W [A],
where A is defined by (7.14) is block-positive.
For more examples of diagonal-type witnesses see also [26, 33, 40].
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7.2. Generalized Choi witnesses
Now, we analyze important class of diagonal-type entanglement witnesses which provide
the generalization of the EW proposed by Choi [22]. The analysis of W [A] simplifies
if A is a circulant matrix, i.e. aij = αi−j, where one adds modulo d and αk ≥ 0 for
k = 0, 1, . . . , d− 1. In this case (7.5) reduces to so called circular inequalities [133]
d∑
i=1
|xi|2
(α0 + 1)|xi|2 +
∑d−1
k=1 αk|xi+k|2
≤ 1 . (7.16)
In particular taking |x1| = . . . = |xd| one finds
α0 + α1 + . . .+ αd−1 ≥ d− 1 . (7.17)
This condition is necessary but not sufficient for W [A] to be an entanglement witness.
Actually, it is sufficient only for d = 2. If A is a circulant matrix we denote
W [A] = W [α0, . . . , αd−1].
Corollary 7.1 W [a, b] defined by
W [a, b] =

a . . −1
. b . .
. . b .
−1 . . a
 , (7.18)
is an entanglement witness if and only if a < 1 and a+ b ≥ 1.
Note that W [0, 1] corresponds to the reduction map in M2(C) defined by R2(X) =
I2trX −X. For d = 3 circular inequalities reduce to
t1
(a+ 1)t1 + b t2 + c t3
+
t2
(a+ 1)t2 + b t3 + c t1
+
t3
(a+ 1)t3 + b t1 + c t2
≤ 1 , (7.19)
where we introduced tk = |xk|2, a = α0, b = α1 and c = α2. Hence, inequalities (7.19)
are satisfied for all tk ≥ 0 if and only if the following operator
W [a, b, c] =

a · · · −1 · · · −1
· b · · · · · · ·
· · c · · · · · ·
· · · c · · · · ·
−1 · · · a · · · −1
· · · · · b · · ·
· · · · · · b · ·
· · · · · · · c ·
−1 · · · −1 · · · a

, (7.20)
is block positive. One proves the following
Theorem 7.3 ([21]) An operator W [a, b, c] is an entanglement witness if and only if
(i) 0 ≤ a < 2 ,
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(ii) a+ b+ c ≥ 2 ,
(iii) if a ≤ 1 , then bc ≥ (1− a)2.
Moreover, being being an entanglement witness it is indecomposable if and only if
4bc < (2− a)2 . (7.21)
W [a, b, c] is a 3-Schmidt witness if and only if 2 > a ≥ 1 and bc ≥ (2− a)(b+ c).
Note, that if W [a, b, c] is a 3-Schmidt witness, i.e. W [a, b, c] ∈ L2 − L3, then it
is necessarily decomposable. One proves [52] that any indecomposable W [a, b, c] is
necessarily atomic. This class of witnesses corresponds to a family of positive maps
Φ[a, b, c] : M3(C)→M3(C)
Φ[a, b, c](Eii) =
1
N
3∑
i,j=1
Aij[a, b, c]Ejj , (7.22)
Φ[a, b, c](Eij) = − 1
N
Eij , i 6= j , (7.23)
where the 3× 3 matrix A[a, b, c] is defined by
A[a, b, c] =
 a b cc a b
b c a
 . (7.24)
The normalization factor N = a + b + c guaranties that the map is unital, i.e.
Φ[a, b, c](I3) = I3. This class of maps contains well known examples: the Choi
indecomposable map Φ[1, 1, 0] and decomposable reduction map Φ[0, 1, 1] which may
be rewritten as follows
Φ[0, 1, 1](X) =
1
2
(I3 trX −X) . (7.25)
Note, that the dual map to Φ[a, b, c] reads Φ#[a, b, c] = Φ[a, c, b]. Hence, the reduction
map is self-dual and Φ#[1, 1, 0] = Φ[1, 0, 1]. Choi maps Φ[1, 1, 0] and Φ[1, 0, 1] provided
first examples of positive indecomposable maps [22].
It should be clear that to analyze a set of admissible {a, b, c} giving rise to optimal
entanglement witnesses it is enough to consider a 2-dimensional subset satisfying
a+ b+ c = 2 . (7.26)
Assuming (7.26) a family of entanglement witnesses W [a, b, c] is essentially
parameterized by two parameters b and c. The boundary of this set on the bc-plane
is governed by condition 3. of Theorem 7.3: it gives rise to a part of an ellipse
bc = (1 + b− c)2 (see [38] for details). The properties of W [2− b− c, b, c] belonging to
the boundary set may be summarized as follows
(i) apart from the Choi witnesses W [1, 1, 0] and W [1, 0, 1] the remaining witnesses
have co-spanning property [59, 42] and hence they are nd-optimal (or bi-optimal
according to [60]),
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(ii) all witnesses apart from W [0, 1, 1] are extremal (the extremality of W [1, 1, 0] and
W [1, 0, 1] was already proved by Choi and Lam [25]. Clearly, being extremal and
indecoposable they are nd-optimal),
(iii) Choi witnesses W [1, 1, 0] and W [1, 0, 1] are extremal but not exposed,
(iv) all remaining extremal witnesses are exposed [55, 56]. None of them possesses a
strong spanning property.
(v) all optimal witnesses satisfy SPA conjecture [38].
Remark 7.1 Interestingly, a boundary elements from the class W [2 − b − c, b, c] may
be recovered from Proposition 7.4. Taking the following orthogonal matrix
R(α) =
(
cosα − sinα
sinα cosα
)
, (7.27)
for α ∈ [0, 2pi), one finds that the elements aij defined by (7.14)give rise to a circulant
matrix, that is, W [A] = W [a(α), b(α), c(α)], where the α-dependent coefficients a, b, c
are defined as follows [80]:
b(α) =
2
3
(
1− 1
2
cosα−
√
3
2
sinα
)
, c(α) =
2
3
(
1− 1
2
cosα +
√
3
2
sinα
)
,
and a(α) = 2− b(α)− c(α) = 2
3
(1 + cosα). It is easy to show that
b(α)c(α) = [1− a(α)]2 , (7.28)
for α ∈ [0, 2pi). Hence, this class satisfies conditions of Theorem 7.3. The parameter
α ∈ [0, 2pi) provides a natural parametrization of a boundary ellipse [38].
Remark 7.2 For d ≥ 4 the general conditions for circulant Choi-like witness are not
known. Such witnesses were recently analyzed in [40].
Consider now a discrete family of Choi-like witnesses [52, 124, 95] constructed as follows:
W11 = (d− k)E11 + E22 + . . .+ Ek−1,k−1 , (7.29)
and
Wjj = S
jW11S
†j , (7.30)
where S : Cd → Cd is a unitary shift defined by
Sek = ek+1 , i = k, . . . , d . (7.31)
It means that a circulant matrix A is defined by
α0 = d− k, α1 = . . . = αk−1 = 1 , (7.32)
and the rest αk = . . . = αd−1 = 0. One has α0 + . . . + αd−1 = d − 1 and hence it is
compatible with (7.17).
Proposition 7.5 ([52, 124, 95]) Wd,k is block-positive for all k = 1, . . . , d. Moreover
(i) Wd,1 ≥ 0 and W Γd,d ≥ 0,
(ii) Wd,k is an indecomposable entanglement witness for k = 2, . . . , d− 1.
For more examples of diagonal-type Choi-like witnesses see also [75].
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8. A class of optimal entanglement witnesses in C2N ⊗ C2N
In this section we provide several examples of optimal entanglement witnesses in
C2N ⊗ C2N which are not of the diagonal type.
8.1. Robertson map in M4(C)
We start with the construction of a positive map in M4(C) proposed by Robertson [106].
Note that any operator X ∈M4(C) may be written in a block form
X =
(
X11 X12
X21 X22
)
, (8.1)
where Xij ∈ M2(C) for i, j = 1, 2. Now, following Robertson [106] one defines a map
Φ4 : M4(C)→M4(C) by
Φ4
(
X11 X12
X21 X22
)
=
1
2
(
I2 TrX22 −[X12 +R2(Xt12)]
−[X21 +R2(Xt21)] I2 TrX11
)
, (8.2)
where R2 denotes a reduction map in M2(C):
R2
(
x11 x12
x21 x22
)
=
(
x22 −x12
−x21 x11
)
. (8.3)
The normalization factor guaranties that Φ4 is unital and trace-preserving. One easily
finds the action of Φ4 on the matrix units Eij in M4(C):
Φ4(E11) = Φ4(E22) =
1
2
(E33 + E44) , Φ4(E22) = Φ4(E33) =
1
2
(E11 + E22) ,
Φ4(E13) = −1
2
(E13 + E24) , Φ4(E24) = −1
2
(E24 + E31) ,
Φ4(E14) = −1
2
(E14 − E32) , Φ4(E23) = −1
2
(E23 + E41) ,
and the remaining Φ4(E12) = Φ4(E34) = 0.
Proposition 8.1 The Robertson map Φ4 enjoys the following properties:
(i) it is positive extremal (and hence optimal) [106],
(ii) it is atomic [52] and hence indecomposable (see also [30]),
(iii) it is exposed [41].
(iv) satisfies SPA conjecture [34].
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The corresponding entanglement witness W4 = 2
∑4
i,j=1 Eij ⊗ Φ4(Eij) displays the
following matrix structure
W4 =

· · · · · · · · · · −1 · · · · −1
· · · · · · · · · · · · · · · ·
· · 1 · · · · · · · · · · 1 · ·
· · · 1 · · · · · 1 · · · · · ·
· · · · · · · · · · · · · · · ·
· · · · · · · · · · −1 · · · · −1
· · · · · · 1 · · · · · −1 · · ·
· · · · · · · 1 1 · · · · · · ·
· · · · · · · 1 1 · · · · · · ·
· · · −1 · · · · · 1 · · · · · ·
−1 · · · · −1 · · · · · · · · · ·
· · · · · · · · · · · · · · · ·
· · · · · · −1 · · · · · 1 · · ·
· · 1 · · · · · · · · · · 1 · ·
· · · · · · · · · · · · · · · ·
−1 · · · · −1 · · · · · · · · · ·

, (8.4)
and clearly it is not of the diagonal type.
8.2. Breuer-Hall maps in M2N(C)
Consider a class of linear maps ΦU : M2N(C)→M2N(C) defined as follows [18, 64]
ΦU(X) =
1
2(N − 1)
[
I2N trX −X − UXtU †
]
, (8.5)
where U is an antisymmetric unitary matrix in C2N . The normalization factor guaranties
that ΦU is unital and trace-preserving. The characteristic feature of these maps is that
for any rank one projector P its image under ΦU reads
ΦU(P ) =
1
2(N − 1)[I2N − P −Q] , (8.6)
where Q is again rank one projector satisfying PQ = 0, that is, if P = |ψ〉〈ψ|, then
Q = |ψ˜〉〈ψ˜|, where ψ˜ = U |ψ〉. Antisymmetry of U guaranties that 〈ψ|ψ˜〉 = 〈ψ|U |ψ〉 = 0.
Hence I2N − P − Q is a projector onto the subspace orthogonal to |ψ〉 and |ψ˜〉 which
proves positivity of ΦU .
Proposition 8.2 The Breuer-Hall map ΦU is
(i) atomic [30] and hence indecomposable [18, 64],
(ii) nd-optimal [18],
(iii) exposed [41] for N = 2.
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Remark 8.1 If N = 2 and
U = U0 = i I2 ⊗ σ2 =

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 , (8.7)
then ΦU0 reproduces the Robertson map Φ4. Hence, taking
U0 = i IN ⊗ σ2 , (8.8)
one obtains a natural generalization of the Robertson map from M4(C) to M2N(C)
[34, 36, 37]: representing X ∈ M2N(C) as an N × N matrix with 2 × 2 blocks Xij
one finds
ΦU0

X11 X12 · · · X1k
X21 X22 · · · X2k
...
...
. . .
...
Xk1 Xk2 · · · Xkk
 = 12(k − 1)

A1 −B12 · · · −B1k
−B21 A2 · · · −B2k
...
...
. . .
...
−Bk1 −Bk2 · · · Ak
 , (8.9)
where
Ak = I2(TrX − TrXkk) , (8.10)
and
Bkl = Xkl +R2(X
t
kl) . (8.11)
8.3. Generalizations of the Robertson map
In this section we present several generalizations of the Robertson map.
Formula (8.2) may be generalized as follows [34]: representing X ∈M2N(C) as 2×2
matrix with N ×N blocks Xij one defines a linear map Φ2N : M2N(C)→M2N(C)
Φ2N
(
X11 X12
X21 X22
)
=
1
N
(
IN TrX22 −[X12 +RN(Xt12)]
−[X21 +RN(Xt21)] IN TrX11
)
, (8.12)
where RN denotes a reduction map in MN(C), i.e. RN(X) = INtrX −X. For N = 2 it
reproduces the Robertson map (8.2).
Proposition 8.3 ([34]) A map Φ2N is positive, indecomposable and optimal.
Recently, it was shown [111], that Φ2N is exposed and hence extremal.
The second generalization uses well known representation of R2
R2(X) = σyX
tσy , (8.13)
which provides Kraus representation of a completely positive map R2 ◦ T. The
Pauli matrix σ2 is unitary and antisymmetric. Now, we replace R2N by UXU
†,
with U being unitary antisymmetric matrix in C2N , that is, we define a linear map
Ψ4N : M4N(C)→M4N(C)
ΨU4N
(
X11 X12
X21 X22
)
=
1
2N
(
I2N TrX22 −[X12 + UX12U †]
−[X21 + UX21U †] I2N TrX11
)
, (8.14)
Entanglement witnesses: construction, analysis and classification 33
Proposition 8.4 A map ΦU4N is positive, indecomposable and optimal.
Finally, we generalize formula (8.9): let zij ∈ C for i 6= j such that zij = z∗ji. One
defines
Φ
(z)
2N

X11 X12 · · · X1N
X21 X22 · · · X2N
...
...
. . .
...
XN1 XN2 · · · XNN
 = 12(N − 1)

A1 z12B12 · · · z1NB1N
z21B21 A2 · · · z2NB2N
...
...
. . .
...
zN1BN1 zN2BN2 · · · AN
 ,(8.15)
where Ak and Bkl are defined by (8.10) and (8.11), respectively.
Proposition 8.5 ([37]) A map Φ
(z)
2N is
• positive iff |zij| ≤ 1,
• indecomposable and optimal iff |zij| = 1.
For other constructions see also [76, 135].
9. Circulant structures, Wyel operators and Bell-diagonal entanglement
witnesses
Let {e0, . . . , ed−1} be an orthonormal basis in d-dimensional Hilbert space and let S be
a unitary shift operator defined by
Sek = ek+1 , mod d . (9.1)
One introduces [27, 28] a family of linear d-dimensional subspaces in Cd ⊗ Cd:
Σ0 = spanC{e0 ⊗ e0, . . . , ed−1 ⊗ ed−1} , (9.2)
and
Σk = (Id ⊗ Sk)Σ0 , k = 1, . . . , d− 1 . (9.3)
Note, that Σk and Σl are mutually orthogonal (for k 6= l) and
Σ0 ⊕ Σ1 ⊕ . . .⊕ Σd−1 = Cd ⊗ Cd , (9.4)
that is, a family Σk provides a direct sum decomposition of Cd ⊗ Cd.
Definition 9.1 We call an operator A ∈Md(C)⊗Md(C) circulant if
A = A0 ⊕ A1 ⊕ . . .⊕ Ad−1 , (9.5)
and An is supported on Σn.
One has therefore
An =
d−1∑
i,j=0
a
(n)
ij Eij ⊗ SnEij S†n =
d−1∑
i,j=0
a
(n)
ij Eij ⊗ Ei+n,j+n , (9.6)
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and a
(n)
ij is a collection of d × d complex matrices. The crucial property of circulant
states is based on the following observation [27, 28]: the partially transposed circulant
state ρ displays similar circulant structure, that is,
(id⊗ T)A = A˜0 ⊕ . . .⊕ A˜d−1 , (9.7)
where the operators A˜n are supported on the new collection of subspaces Σ˜n which are
defined as follows:
Σ˜0 = span{e0 ⊗ epi(0), e1 ⊗ epi(1), . . . , ed−1 ⊗ epi(d−1)} , (9.8)
where pi is a permutation defined by pi(k) = −k (mod d). The remaining subspaces Σ˜n
are defined by a cyclic shift
Σ˜n = (I⊗ Sn)Σ˜0 , n = 1, . . . , d− 1 . (9.9)
Again, the collection {Σ˜0, . . . , Σ˜d−1} defines direct sum decomposition of Cd ⊗ Cd
Σ˜0 ⊕ . . .⊕ Σ˜d−1 = Cd ⊗ Cd . (9.10)
Moreover, operators A˜n satisfy [27]
A˜n =
d−1∑
i,j=0
a˜
(n)
ij Eij ⊗ SnEpi(i)pi(j) S†n =
d−1∑
i,j=0
a˜
(n)
ij Eij ⊗ Epi(i)+n,pi(j)+n , (9.11)
with
a˜(n) =
d−1∑
m=0
a(n+m) ◦ (Π Sm) , (mod d) , (9.12)
where Π is a permutation matrix corresponding to pi, that is, Πkl = δk,pi(l), and A ◦ B
denotes the Hadamard product of matrices A and B.
Example 9.1 For d = 2 one finds
Σ0 = spanC{e0 ⊗ e0, e1 ⊗ e1} ,
Σ1 = spanC{e0 ⊗ e1, e1 ⊗ e0} ,
and Σ˜0 = Σ1, Σ˜1 = Σ0. Hence a circulant operator A and its partial transpose A
Γ read
A =

a00 · · a01
· b00 b01 ·
· b10 b11 ·
a10 · · a11
 , AΓ =

a˜00 · · a˜01
· b˜00 b˜01 ·
· b˜10 b˜11 ·
a˜10 · · a˜11
 , (9.13)
where the matrices a˜ = [a˜ij] and b˜ = [˜bij] read as follows
a˜ =
(
a00 b01
b10 a11
)
, b˜ =
(
b00 a01
a10 b11
)
. (9.14)
Actually, circulant two qubit operators are very popular in the literature. For example in
quantum optics a circulant two qubit state is called an X-state. Hence, circulant states
in Cd ⊗ Cd provide a natural generalization of X-states.
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Example 9.2 For d = 3 one finds
Σ0 = spanC{e0 ⊗ e0, e1 ⊗ e1, e2 ⊗ e2} , Σ˜0 = spanC{e0 ⊗ e0, e1 ⊗ e2, e2 ⊗ e1} ,
Σ1 = spanC{e0 ⊗ e1, e1 ⊗ e2, e2 ⊗ e0} , Σ˜1 = spanC{e0 ⊗ e1, e1 ⊗ e0, e2 ⊗ e2} ,
Σ2 = spanC{e0 ⊗ e2, e1 ⊗ e0, e2 ⊗ e1} , Σ˜2 = spanC{e0 ⊗ e2, e1 ⊗ e1, e2 ⊗ e0} .
Hence a circulant two qutrit operator has the following structure
A =

a · · · a · · · a
· b · · · b b · ·
· · c c · · · c ·
· · c c · · · c ·
a · · · a · · · a
· b · · · b b · ·
· b · · · b b · ·
· · c c · · · c ·
a · · · a · · · a

, AΓ =

x · · · · x · x ·
· y · y · · · · y
· · z · z · z · ·
· y · y · · · · y
· · z · z · z · ·
x · · · · x · x ·
· · z · z · z · ·
x · · · · x · x ·
· y · y · · · · y

,
where we schematically denote by ‘a’ matrix elements supported on Σ0, by ‘b’ and
‘c’ matrix elements supported on Σ1 and Σ2, respectively. Similarly, for a partially
transposed operator ‘x’ stands for a matrix elements supported on Σ˜0, by ‘y’ and ‘z’
matrix elements supported on Σ˜1 and Σ˜2, respectively.
Now, let us define a collection of unitary Weyl operators
Umnek = λ
mkSnek = λ
mkek+n , mod d , (9.15)
with λ = e2pii/d. The matrices Umn satisfy
UmnUrs = λ
msUm+r,n+s , U
†
mn = λ
mnU−m,−n , (9.16)
and the following orthogonality relations
tr(UmnU
†
rs) = d δmrδns . (9.17)
Some authors [102] call Umn generalized spin matrices since for d = 2 they reproduce
standard Pauli matrices:
U00 = I , U01 = σ1 , U10 = iσ2 , U11 = σ3 . (9.18)
Weyl operators Ukl in Cd may be used to construct circulant operators in Cd⊗Cd. It is
easy to show that
A =
d−1∑
k,l=0
ckl Ukl ⊗ U−kl , (9.19)
with ckl ∈ C defines a circulant operator. Clearly, the converse is not true, i.e. there
are circulant operators which can not be represented via (9.19). Interestingly, one has
the following
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Proposition 9.1 ([14]) Let W be a Hermitian circulant operator defined by
W = a
(
(d− 1)Id ⊗ Id +
d−1∑
k,l=0; k+l>0
ckl Ukl ⊗ U−kl
)
, (9.20)
with complex ckl and a > 0. If |ckl| ≤ 1, then W is block positive.
Example 9.3 If d = 2 one finds
W = a

1 + γ . . α + β
. 1− γ α− β .
. α− β 1− γ .
α + β . . 1 + γ
 , (9.21)
which is block positive whenever a > 0 and |α|, |β|, |γ| ≤ 1.
Now, let us define so called generalized Bell states in Cd ⊗ Cd
|ψmn〉 = Id ⊗ Umn|ψ+d 〉 . (9.22)
One easily cheques 〈ψmn|ψkl〉 = δmkδnl. For d = 2 they reproduce the standard two
qubit Bell states
|ψ00〉 = 1√
2
(e0 ⊗ e0 + e1 ⊗ e1) , |ψ01〉 = 1√
2
(e0 ⊗ e1 + e1 ⊗ e0) ,
|ψ10〉 = 1√
2
(e0 ⊗ e0 − e1 ⊗ e1) , |ψ11〉 = 1√
2
(e0 ⊗ e1 − e1 ⊗ e0) .
Finally, let us introduce a family of rank-1 projectors
Pmn = |ψmn〉〈ψmn| . (9.23)
Let us observe that Pmn is supported on Σn and
Πn = P0n + . . .+ Pd−1,n , (9.24)
defines a projector onto Σn, i.e. Σn = Πn(Cd ⊗ Cd).
Corollary 9.1 For an arbitrary operator A ∈Md(C)⊗Md(C) the following projection
P(A) =
d−1∑
k=0
Πk AΠk , (9.25)
defines a circulant operator.
Definition 9.2 A circulant operator A ∈Md(C)⊗Md(C) is called Bell diagonal if
A =
d−1∑
k,l=0
aklPkl , (9.26)
that is, it is diagonal in the basis of generalized Bell diagonal states.
Proposition 9.2 A circulant operator defined by (9.19) is Bell diagonal.
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Example 9.4 Consider once more W defined by (9.21). Note that for α = β = 1,
γ = 0 and a = 1
2
one finds W = F, i.e. one reconstructs a flip operator in C2 ⊗ C2.
Note, that
F = P00 + P01 + P10 − P11 , (9.27)
which proves that F is Bell diagonal with a single negative eigenvalue.
Actually, several entanglement witnesses considered so far are Bell diagonal.
Example 9.5 One finds for W [a, b, c] defined in (7.20)
W [a, b, c] = (a− 2)P00 + (a+ 1)(P10 + P20) + bΠ1 + cΠ2 , (9.28)
which shows that W [a, b, c] is Bell diagonal with a single negative eigenvalue ‘a − 2’.
Entanglement witness corresponding to the reduction map Rd(X) = IdtrX−X in Md(C)
reads as follows
W = Id ⊗ Id − dP+d =
d−1∑
k,l=0
Pkl − dP00 , (9.29)
which shows that W is Bell diagonal with a single negative eigenvalue 1 − d. Finally,
Wd,k defined in (7.29) may be represented as follows
Wd,k = (d+ 1− k)Π0 +
k−1∑
`=1
Π` − dP00 , (9.30)
showing that Wd,k is Bell diagonal and the single negative eigenvalue ‘1−k’ corresponds
to the maximally entangled state P00. Note that Wd,d =
∑d−1
`=0 Π` − dP00 reproduces
(9.29).
For more examples see e.g. [8, 12, 13, 14, 15, 81, 35].
10. Construction of k-Schmidt witnesses
Block positive operators, contrary to positive ones, are not characterized by their
spectra. In this section we provide a class of entanglement witnesses which are
fully characterized by spectral properties, that is, the properties of eigenvalues and
corresponding eigenvectors. Note, that any Hermitian operator may written as
W = W+ −W− , (10.1)
where W+ > 0 and W− ≥ 0, i.e. W+ is strictly positive and all zero-modes, if any,
are incorporated into W−. This simple observation enables one to perform the following
construction [31, 32]: let ψα (α = 1, . . . , D = dAdB) be an orthonormal basis inHA⊗HB
and denote by Pα the corresponding projector Pα = |ψα〉〈ψα|. It leads therefore to the
following spectral resolution of identity
IA ⊗ IB =
D∑
α=1
Pα . (10.2)
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Now, take D semi-positive numbers λα ≥ 0 such that λα is strictly positive for α > L,
and define
W− =
L∑
α=1
λαPα , W+ =
D∑
α=L+1
λαPα , (10.3)
where L is an arbitrary integer 0 < L < D. This construction guarantees that
W+ is strictly positive and all zero modes and strictly negative eigenvalues of W are
incorporated into W−. Consider normalized vector ψ ∈ HA ⊗HB and let
s1(ψ) ≥ . . . ≥ sd(ψ) ,
denote its Schmidt coefficients (d = min{dA, dB}). For any 1 ≤ k ≤ d one defines
k-norm of ψ by the following formula
||ψ||2k =
k∑
j=1
s2j(ψ) . (10.4)
It is clear that
||ψ||1 ≤ ||ψ||2 ≤ . . . ≤ ||ψ||d . (10.5)
Note that ||ψ||1 gives the maximal Schmidt coefficient of ψ, whereas due to the
normalization, ||ψ||2d = ||ψ||2 = 1. In particular, if ψ is maximally entangled then
s1(ψ) = . . . = sd(ψ) =
1
d
and hence ||ψ||2k = kd . Equivalently one may define k-norm of
ψ by
||ψ||2k = max
φ
|〈ψ|φ〉|2 , (10.6)
where the maximum runs over all normalized vectors φ ∈ HA⊗HB such that SR(φ) ≤ k.
Now, for any integer ` ≥ 1 such that 1−∑Lα=1 ||ψα||2` > 0 let us define
µ` =
∑L
α=1 λα||ψα||2`
1−∑Lα=1 ||ψα||2` . (10.7)
It is clear that µ`−1 ≤ µ`.
Theorem 10.1 ([31]) Let
∑L
α=1 ||ψα||2k < 1. If
λα ≥ µk , α = L+ 1, . . . , D , (10.8)
then W ∈ Lk. If moreover
∑L
α=1 ||ψα||2k+1 < 1 and
µk+1 > λα , α = L+ 1, . . . , D , (10.9)
then W /∈ Lk+1, that is, W is a (k + 1)-Schmidt witness.
Interestingly, this simple construction recovers many well know examples of EWs.
Remark 10.1 If d1 = d2 = d and P1 is the maximally entangled state in Cd ⊗ Cd,
then the above theorem reproduces old result by Takasaki and Tomiyama [123]. For
d1 = d2 = d , k = 1 and arbitrary P1 the formula λα ≥ µ1 (α = 2, . . . , d2) was derived
Benatti et al [10] (see also [109]). Recently, this class of witnesses was further analyzed
in [71].
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Example 10.1 Flip operator in dA = dB = 2. Using (9.27) one finds
W+ = P00 + P01 + P10 , W− = P11 ,
and λ1 = λ2 = λ3 = λ4 = 1. Note, that all projectors Pij are maximally entangled
and hence one easily finds µ1 = 1 which shows that condition (10.8) is trivially satisfied
λα ≥ µ1 for α = 2, 3, 4. We stress that our construction does not recover flip operator
in d > 2. It has d(d−1)/2 negative eigenvalues. Our construction leads to at most d−1
negative eigenvalues.
Example 10.2 For an entanglement witness (9.29) corresponding to the reduction map
one has
W+ = Id ⊗ Id − P+d , W− = λ1P+d , (10.10)
with λ1 = d − 1 and λ2 = . . . = λD = 1. Again, one finds µ1 = 1 and hence condition
(10.8) is trivially satisfied λα ≥ µ1 for α = 2, . . . , D = d2. Now, since ψ1 corresponds
to the maximally entangled state one has 1− ||ψ1||22 = (d− 2)/d < 1. Hence, condition
(10.9)
µ2 = 2
d− 1
d− 2 > λα , α = 2, . . . , D , (10.11)
implies that W is a 2-Schmidt witness. Equivalently, it shows that the reduction map
Rd is not 2-positive.
Example 10.3 A family of witnesses in Cd ⊗ Cd defined by (10.10)
λ1 = pd− 1, λ2 = . . . = λD = 1 ,
with p ≥ 1 (see [68]). Clearly, for p = 1 it reproduces (9.29). Now, conditions (10.8)
and (10.9) imply that if
1
k + 1
< p ≤ 1
k
, (10.12)
then W is a k-Schmidt witness. Note, that if p = 1/d, then W = W+ > 0.
Equivalently, we proved the following
Corollary 10.1 A linear map Φ : Md(C)→Md(C) defined by
Φp(X) = Id trX − pX , (10.13)
is k-positive but not (k + 1)-positive if (10.12) is satisfied.
Example 10.4 A family of entanglement witnesses W [a, b, c] defined (7.20). Using
(9.28) one finds
λ1 = 2− a , λ2 = λ3 = a+ 1 , λ4 = λ5 = λ6 = b , λ7 = λ8 = λ9 = c ,
and hence µ1 = (2− a)/2. Now, the condition (10.8) implies
(i) 0 ≤ a < 2 ,
(ii) b, c ≥ (2− a)/2 .
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Note, that due to (7.21) all EWs satisfying the above conditions are decomposable.
Similarly one can check when W [a, b, c] belongs to L2. One finds µ2 = 2(2 − a) and
hence condition (10.8) implies
(i) 1 ≤ a < 2 ,
(ii) b, c ≥ 2(2− a) .
Note, that if a + b + c = 2, then W [a, b, c] /∈ L2 and hence it provides a 2-Schmidt
witness.
One may ask a natural question: are witnesses constructed this way indecomposable or
decomposable? The answer is provided by the following
Proposition 10.1 ([32]) An entanglement witness satisfying Theorem 10.1 is decom-
posable.
Hence, these witnesses can not be used to detected PPT entangled state. However,
having a decomposable linear map which is k-positive (k > 2) one may construct a map
which is indecomposable
Proposition 10.2 ([100]) Let Λ be a k-positive map. Λ is completely positive if and
only if idk ⊗ Λ is decomposable.
Hence, if Λ is k-positive but not (k + 1)-positive, then idk ⊗ Λ is necessarily
indecomposable. Consider for example a map defined by (10.13). If p satisfies (10.12),
then idk ⊗ Φp provides a positive indecomposable map. See also [44, 45] for related
discussion.
11. Multipartite entanglement witnesses
11.1. Multipartite entanglement
Consider now a multipartite quantum system living in Htotal = H1 ⊗ . . . ⊗HN , where
N denotes a number of parties (or subsystems). A vector ψ ∈ Htotal is separable (or
fully separable, or N -separable) if ψ = ψ1 ⊗ . . . ⊗ ψN such that ψk ∈ Hk. Similarly, a
positive operator X ∈ L+(Htotal) is fully separable if
X =
∑
k
A
(1)
k ⊗ . . .⊗ A(N)k , (11.1)
where A
(i)
k ∈ L+(Hi) for i = 1, . . . , N . Note, that the multipartite case is much more
subtle. Apart from the full separability one may have a partial separability.
Definition 11.1 A vector ψ ∈ Htotal is separable with respect to a given partition
{I1, . . . , Ik}, where Ii are disjoint subsets of the indices I = {1, . . . , N},
⋃k
j=1 Ij = I, if
and only if ψ ∈ HI1 ⊗ . . .⊗HIk can be written
ψ = ψI1 ⊗ . . .⊗ ψIk . (11.2)
A vector is bi-separable if k = 2 and semiseparable if it is bi-separable and |I1| = 1 or
|I2| = 1.
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A similar definition of partial separability applies for positive operators from L+(Htotal).
Example 11.1 Consider three qubit case with Htotal = C2⊗C2⊗C2. For N = 3 there
are only two notions of separability: full 3-partite separability
ψ = ψ1 ⊗ ψ2 ⊗ ψ3 , (11.3)
and bi-separability
ψ = ψ1 ⊗ ψ23 , ψ = ψ2 ⊗ ψ13 , ψ = ψ12 ⊗ ψ3 . (11.4)
A three qubit vector ψ is called genuine entangled if it is neither 3-separable nor bi-
separable. Examples of such vectors are provided by celebrated GHZ state
|GHZ〉 = 1√
2
(e0 ⊗ e0 ⊗ e0 + e1 ⊗ e1 ⊗ e1) , (11.5)
and W state
|W〉 = 1√
3
(e0 ⊗ e0 ⊗ e1 + e0 ⊗ e1 ⊗ e0 + e1 ⊗ e0 ⊗ e0) , (11.6)
where {e0, e1} denotes an orthonormal basis in C2. A vector ψ ∈ Htotal is equivalent
to GHZ if ψ = [A1 ⊗ A2 ⊗ A3]|GHZ〉 and Ak are invertible 2 × 2 matrices, and it is
equivalent to W if ψ = [A1 ⊗ A2 ⊗ A3]|W〉. Actually, there are four classes of positive
operators X ∈ L+(C2 ⊗ C2 ⊗ C2): two (fully and partially) separable classes
• fully separable class: Lfull = {
∑
k |ψk〉〈ψk| | ψk – fully separable},
• bi-separable: Lbi−sep = {
∑
k |ψk〉〈ψk| | ψk – bi-separable},
and two classes of genuine entangled operators
• W-class: LW = {
∑
k |ψk〉〈ψk| | ψk – W-equivalent} − Lbi−sep,
• GHZ-class: LGHZ = L+(C3 ⊗ C3)− LW.
Note that Lfull ⊂ Lbi−sep and by construction LW and LGHZ are disjoint.
It should be stressed that checking bipartite separability with respect to all bi-partitions
is not enough to guarantee full separability.
The essential difference between bipartite and multipartite entanglement is that for
N > 2 in general there is no analog of the Schmidt decomposition for a vectors from
Htotal [99, 96, 2]. Note that GHZ state (11.5) admits Schmidt decomposition but W
state (11.6) does not.
11.2. Entanglement witnesses
It should be clear that contrary to the bipartite case there are several types
of multipartite entanglement witnesses detecting different types of multipartite
entanglement.
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Definition 11.2 An operator W ∈ L(Htotal) is called a multipartite entanglement
witness for a partition {I1, . . . , Ik} if and only if
〈ψI1 ⊗ . . .⊗ ψIk |W |ψI1 ⊗ . . .⊗ ψIk〉 ≥ 0 , (11.7)
for all ψI` ∈ HI`.
Note, that if tr(XW ) < 0, then X cannot be represented as
X =
∑
α
|ψαI1 ⊗ . . .⊗ ψαIk〉〈ψαI1 ⊗ . . .⊗ ψαIk | , (11.8)
and hence it is not separable with respect to a partition {I1, . . . , Ik}. In particular
taking Ij = {j} one constructs a witness which detects all operators which are not fully
separable, that is, W satisfies
〈ψ1 ⊗ . . .⊗ ψN |W |ψ1 ⊗ . . .⊗ ψN〉 ≥ 0 , (11.9)
for all ψj ∈ Hj, j = 1, . . . , N .
Proposition 11.1 ([69]) W satisfies (11.9) if and only if
W = [id1 ⊗ Λ]P+11 , (11.10)
where the linear map Λ : L(H1)→ L(H2 ⊗ . . .⊗HN) satisfies
Λ#(A2 ⊗ . . .⊗ AN) ≥ 0 , (11.11)
for all Ak ∈ L+(Hk). P+11 stands for a maximally entangled state in H1 ⊗H1.
A linear map Φ : L(H2 ⊗ . . . ⊗ HN) → L(H1) which has to be positive but only on
products of positive operators provides a natural generalization of a positive map.
Corollary 11.1 X is fully separable if and only if
[id1 ⊗ Φ]X ≥ 0 , (11.12)
for all linear maps Φ : L(H2 ⊗ . . . ⊗ HN) → L(H1) which are positive on products of
positive operators, that is, Φ(A2 ⊗ . . .⊗ AN) ≥ 0 for Ak ∈ L+(Hk).
Example 11.2 Consider Htotal = C2 ⊗ C2 ⊗ C2. One finds [51]
W = I9 − 3
2
|W〉〈W| , (11.13)
provides an entanglement witness of genuine entanglement, and
W ′ = I9 − 9
4
|W〉〈W| , (11.14)
may detect states which are not fully separable. Finally,
W ′′ = I9 − 4
3
|GHZ〉〈GHZ| , (11.15)
detects states which are not in the W class.
Entanglement witnesses: construction, analysis and classification 43
12. Geometric approach: convex cones, duality, extremality and optimality
The basic problem we address in this paper is the characterization of a convex subset
of block-positive operators within a convex set of positive operators. Equivalently, such
characterization provides the description of a convex subset of separable states within a
convex set of all states of a composite quantum system. Interestingly, this is the special
case of more general problem. In this section we provide a geometric approach to the
general mathematical problem of identifying a convex subset of a given convex set.
Definition 12.1 A closed subset K of a linear space X over R is called a convex cone
if for arbitrary x, y ∈ K and λ, µ ∈ R+ a convex combination λx+ µy ∈ K.
Now, if B ⊂ X one denotes by convB a minimal convex cone in X containing B. Let
X∗ be a dual space and denote by 〈y|x〉 a natural pairing between y ∈ X∗ and x ∈ X.
For any subset B ⊂ X one defines
B◦ := { y ∈ X∗ | ∀x ∈ B 〈y|x〉 ≥ 0 } , (12.1)
which is a convex cone in X∗. In particular if K is a cone then K◦ is a dual cone in
X∗. Note, that a double dual B◦◦ defines a convex cone in X. In finite dimensional
case we consider in this paper one has convB = B◦◦ (this property still holds for infinite
dimensional X if one assumes that X is reflexive). The operation of taking a dual
B → B◦ enjoys the following properties: for any two subsets B,C ⊂ X
(i) B ⊂ C ⇐⇒ C◦ ⊂ B◦
(ii) (B ∩ C)◦ = conv(B◦ ∪ C◦),
(iii) (B ∪ C)◦ = B◦ ∩ C◦.
Let us list natural convex cones considered so far in this paper.
(i) A convex cone L+(H) of positive operators in H. This is a cone in X = X∗ = Rn2 ,
where n = dimH. Note, that this cone is self-dual, that is, L+(H)◦ = L+(H)
(L+(H) is a cone of (unnormalized) states and L+(H)◦ is a cone of positive
observables).
(ii) A covex cone L1 ⊂ L+(HA⊗HB) of separable operators. Its dual L◦1 = W1 provides
a convex cone of block-positive operators inHA⊗HB. Clearly, L+(HA⊗HB) ⊂W1.
(iii) A convex cone Lk of positive operators X in L+(HAB) such that SN(X) ≤ k ≤
d = min{dA, dB}. Its dual L◦k = Wk provides a convex cone of k-block-positive
operators in HA ⊗HB. One has
L1 ⊂ . . . ⊂ Ld−1 ⊂ Ld = L+(HAB) ,
and by duality
L+(HAB) = Wd ⊂Wd−1 ⊂ . . . ⊂W1 .
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(iv) A convex cone LPPT = L+∩LΓ+ of operators in HA⊗HB. Its dual L◦PPT = WDEC =
conv(L+ ∪ LΓ+) provides a convex cone of decomposable operators, i.e. A + BΓ,
where A,B ∈ L+(HAB). One has
LPPT ⊂ L+(HAB) , and L+(HAB) ⊂WDEC . (12.2)
(v) In the multipartite scenario a convex cone L(I1,...,Ik) ⊂ L+(Htotal) of (I1, . . . , Ik)-
separable elements and W(I1,...,Ik) ⊃ L+(Htotal) of (I1, . . . , Ik)-block-positive
operators (cf. Definition 11.2).
Definition 12.2 If K is a convex cone then a subset F ⊂ K is called a face, iff any
line segment contained in K with inner point in F is contained in F (we write F /K).
A face F of a convex cone is again a convex cone. If G / F , then one has G / F / K
and hence ‘/’ provides a partial order in the space of faces of K. The maximal element
in this family is the cone K itself and the minimal one is {0}. For each element x ∈ K
one may define a minimal face F (x) / K containing x. Now, if F / K, then one defines
a dual face
F ′ := {y ∈ K◦ | ∀x ∈ F 〈y|x〉 = 0} , (12.3)
which is by construction a face in K◦. An operation F → F ′ defines an order reversing
lattice isomorphism, i.e. if F1 / F2 / K then F
′
2 / F
′
1 / K
◦.
Definition 12.3 A face is exposed if F = G′ with G / K◦, i.e. F is a dual face.
Proposition 12.1 ([105]) A face F / K is exposed if and only if F = F ′′.
To illustrate the concept of duality consider the cones in X,X∗ ∼= R3. Note, that
any cone in R3 may uniquely represented by its 2-dimensional sections (for example
x3 = 1) which defines a convex set on R2. Let us observe that
(i) a unit disk D in X is self-dual. If we enlarge D its dual D◦ decreases and vice
versa,
(ii) taking one point say (x0, y0, 1) then the dual cone is represented by a halfplane
(x, y, 1) defined by xx0 + yy0 + 1 ≥ 0.
Example 12.1 Consider a cone K ∈ X being represented by intersection of the unit
disk and the halfplane x ≤ 1
2
. Using the above observations and the property of the
duality operation one finds that the dual cone K◦ ⊂ X∗ is represented by the convex hull
of a unit circle and the point (2, 0, 1).
Section of a cone K is an intersec-
tion of a disk and a halfplane
‘
Section of the dual cone K◦ is a
convex hull of a disk and a point
{E}.
Entanglement witnesses: construction, analysis and classification 45
The diagram below shows the structure of faces of K and K◦:
K
AB
A B Int(
_
BA)
{0}
Faces of K
{0}
E
CE ED Int(
_
DC)
K∗
C D
Faces of K◦
If we remove from the diagram for K◦ the red part, then both diagrams are
isomorphic via duality map. Red faces are non-exposed.
For the convex cones considered in this paper one has:
(i) The cone of positive operators, i.e. unnormalized states, is dual to the cone of
positive observables. These cones are isomorphic under the isomorphism between
spaces of states and observables induced by the Hilbert-Schmidt inner product. A
maximal face containing a density operator ρ is the set of states whose image is
contained in the image V := =(ρ) of ρ. The dual face is a set of observables with
=A ⊂ V ⊥. It is easy to observe, that all faces of L+ are exposed [85]. A state ρ is
an edge state if F (ρ) does not contain a separable element.
(ii) The lattice of faces on the cone of separable operators is poorly understood (see
[3, 85]).
(iii) In the cone of PPT operators LPPT the face is a set of PPT operators for which
=X ⊂ V1,=X⊥ ⊂ V2, where V1, V2 are subspaces of the Hilbert space of the system
[85]. However it is hard to determine which pairs of subspaces give rise to a face
of the cone of PPT operators. Note, that ρ defines an edge state if F (ρ) does not
contain a separable element.
A convex cone is a sum of rays (a ray is a set of points in K differing by a positive
scalar).
Definition 12.4 A ray is extremal if it provides a 1-dimensional face.
A point from an extremal ray can not be represented as a convex combinations of points
from other rays of the cone. Due to the Straszewicz theorem [105] the exposed rays
form a dense subset of extreme rays (in the topology in the set of rays induced from the
standard topology of X).
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Example 12.2 In the Example 12.1 the extreme rays of K are represented by points
from closed arc Int(
_
BA) and all of them are exposed. The extreme points of K◦ are
points of closed arc Int(
_
EC) and a point D. Points E,C are not exposed.
Consider a pair of convex cones K ⊂ L. The elements of L \K detect the elements
of K◦ \ L◦ in the sense, that for any element X ∈ K◦ \ L◦ there exists an element
W ∈ L \K such that 〈X|W 〉 < 0. Conversely, using the elements of K◦ \ L◦ one can
detect the elements of K ⊂ L. For any element W ∈ L \K one defines the subset DW
of detected elements of K◦ \L◦. W1 is finer than W2 if DW1 ⊇ DW2 . Finally, W is called
optimal if there is no other element in L \K which is finer than W .
Proposition 12.2 ([86, 110, 60]) W is optimal if and only if F (W ) ∩K = {0}.
Figure 2. A convex cone K = K◦ is represented by the yellow triangle. L is
represented by the red nonagone and L◦ by the green one. Left picture: the black
element of L \ K detect all elements on the right of the line. Middle picture: this
element is finer than the previous one, but still not optimal - it can be ‘improved’.
Right picture: this element is already optimal - cannot be further ‘improved’. The
optimal witnesses are denoted by blue segments.
Recall, that an entanglement witness is optimal if it possesses a spanning property.
Interestingly, this property may be reformulated as follows: [F (W )]′ ∩ IntK◦ 6= ∅
(see [110]). Actually, if all faces of L are exposed, this condition is also necessary
for optimality.
Example 12.3 (K = L+ ⊂ L = W1) Consider elements of W1 \ L+ (entanglement
witnesses) which detect elements of L+ \ L1 (entangled operators). The face dual to
F (W ) is spanned by separable elements |e ⊗ f〉〈e ⊗ f | (extremal rays of L1) such that
〈e⊗ f |W |e⊗ f〉 = 0. The interior rays of L+ are generated by positive matrices of full
rank, equal to the dimension of the Hilbert space HAB. A full rank matrix belongs to the
face F (W ) iff the set of vectors {e⊗ f | 〈e⊗ f |W |e⊗ f〉 = 0} spans the whole Hilbert
space. Now, since there are nonexposed faces in W1, so the spanning condition is only
sufficient but not necessary for optimality. An example of a witness which is optimal
but does not possess a spanning property is the Choi witness – its ray is extreme, but
the smallest exposed face containing this witness contains also a positive matrix.
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Example 12.4 (K = WDEC ⊂ L = W1) Consider now elements of W1 \WDEC (non-
decomposable entanglement witnesses) which detect elements of LPPT \ L1 (PPT
entangled operators). The face F (W ) is again spanned by pure separable states |e⊗f〉〈e⊗
f | such that 〈e⊗ f |W |e⊗ f〉 = 0, but the interior of LPPT are states ρ such that ρ and
ρΓ are of full rank. An element of F (W ) is in Int(LPPT ) iff {e⊗f : 〈e⊗f |W |e⊗f〉 = 0}
spans the whole Hilbert space and {e ⊗ f | 〈e ⊗ f ∗|W |e ⊗ f ∗〉 = 0} as well, so W is
nd-optimal if and only if W is optimal and W Γ is optimal. We stress that there are
non-decomposable witnesses which are optimal but not nd-optimal [60].
Figure 3. [Color online] Schematic representation of states and entanglement
witnesses
We summarize our presentation in Fig. 3: the green triangle denotes the self-dual
cone of positive matrices. The dashed line is a set of fixed points of partial transposition
- partial transposition is reflection with respect to this line. The light-green regions are
NPT entangled states. The light-red regions are decomposable EWs and point (1)
is an example of an extremal decomposable EW. The dark green regions are PPT-
entangled states, where point (2) is an example of an edge-state. The central yellow
region denotes the separable states. The dark-red regions are indecomposable EWs. The
blue boundary regions are optimal witnesses where the light-blue open segments denote
the non-decomposable witnesses which are optimal, but not nd-optimal. A point (3) is
an example of Choi-like witnesses, which are extremal hence optimal but not spanning
(face generated by this element contains a positive matrix), hence not exposed. After
partial transposition the point (3) is mapped into the point (4) which has a spanning
property (face generated by this element contains no positive elements). Points (3) and
(4) are nd-optimal without a bi-spanning property.
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13. Conclusions
This paper provides a review of the theory of entanglement witnesses. From the physical
point of view entanglement witnesses define a universal tool for analysis and classification
of quantum entangled states. From the mathematical point of view they provide highly
nontrivial generalization of positive operators and they find elegant correspondence with
the theory of positive maps in matrix algebras (or more generally C∗-algebras). We
concentrate on theoretical analysis of various important notions like (in)decomposability,
atomicity, optimality, extremality and exposedness. Several methods of construction
are provided as well. Our discussion is illustrated by many examples enabling the
reader to see the intricate structure of these objects. It is shown that the theory of
entanglement witnesses finds elegant geometric formulation in terms of convex cones
and related geometric structures.
It should be stressed that there are important topics not covered in this paper.
We basically concentrate on theoretical analysis. For experimental realization of
entanglement witnesses see review paper by Gu¨hne and Toth [51]. Recently, a new
interesting topic device independent approach to EWs started to be discussed (see for
example recent papers [19, 17]).
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